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Optimum Detection and Error Probability
for Bandlimited Signaling



Amplitude-Shift Keying (ASK) or PAM

o Let d,;, be the minimum distance between adjacent PAM
constellations

@ Consider the signal constellations.

1 3 M-1
S = {:tadmin.:l:idmin."'.i > dmin}

M? -1
gbavg = ]E[IS|2] = 12|0g2(M)dr31m




Amplitude-Shift Keying (ASK) or PAM

There are two types of error events (under AWGN):

@ Inner points with error probability P,; (M-2) such points

do: d o
Pei _ P { > mln} — 2 min
> Q(m)

@ Outer points with error probability P,.,: only one end
causes errors: ? such points

P - prfn> %2} - o See)




Amplitude-Shift Keying (ASK) or PAM

The symbol error probability is given by

1 M
P, = Mmzlpr{errodm sent}
1 CJImin dmin
- | -2-20( ) -2 o o)
(M-2) inner points 2 outer points
_ 2(/\/1—1)Q( i )
M V2o

2(M-1) Q 6 logy (M) Ebave (Substituting dmin
M \ (M2-1) No in terms of Ebavg)

6log, M Epay .
~20 1 (1':2 Dave for large M
M-—1 Ny




Efficiency of PAM

6 10‘72 M gbav )
P, ~20 (\/ M;— l Nog) for large M

@ To increase rate by 1 bit (i.e., M - 2M), we need to

double M.
o To keep (almost) the same P,, we need &, to
quadruple.
M 2 4 8 16 2—-4 | 48 | 8-16 M — 2M as M large
6 log,(M
(N%gfl)) 2 & 2 & 25 | 28 | 3.0 4
6 log, (M) Epav 6log,(2M) gé:jw) (new)
g g _ gbnew ~ 4gbavg
(M2-1) Ny ((2M)2-1) N avg

@ Increase rate by 1 bit == increase &payg by 6 dB
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P,

Probability of a symbol error
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PAM Performance
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The larger the M is,
the worse the symbol performance



Phase-Shift Keying (PSK) Signaling
Signal constellation for M-ary PSK is

S = {sk :\/E(cos(zﬂk).sin(

M

2k
) kw1

@ By symmetry we can assume sg = (\/EO) was
transmitted.

@ [he received signal vector r is

r = (VE+ning)




Phase-Shift Keying (PSK) Signaling

@ Assume Gaussian random process with R,(7) = %5(7)

1 n? + n2
f(ny,np) = /Vo exp( INO 2)

@ [hus we have

f(r=(r,n)lsg) =—— Y exP( (- \7\/_0)2+r2)

For PSK, the Decision region can be more conveniently described using
polar coordinates

. r
@ Define V = \/rl2 +r# and © = arctan 2

rn

f(v.0|sg) =

vV o v 24 & -2\/Evcosh
lNo p NO



Phase-Shift Keying (PSK) Signaling \

The ML decision region for sg is

The probability of erroneous decision given sq is

Pr{error|sg }

_ 1-ffp F(v. Olsy) dv do

v2+ & -2V Ev cost
= 1- f f 7rNoexp( N )dvd(?

—

f(6lso)
Marginal PDF of phase of r

- 1- f” f(6lso)do
i



Phase-Shift Keying (PSK) Signaling

PDF of received vector r (amplitude, phase)

vV ( v2+€—2\/gvc059)
exp

f(V,H'So) = NO NO

Marginal PDF of phase of r

% vy V2 + & - 2/Evcosh
f(flso) = ./(; 7TNOexp( N )dv

f°° ( (v—\/gcosﬁ)2+5sin26))
exp dv
o Ny

No

= 2iﬁexp( ssin H)./(; texp( (t_\/zTSCOSH)Q)

where vs = E/Np and t = v/\/Np/2
™ SNR per symbol or Symbol SNR



Phase-Shift Keying (PSK) Signaling

P(_)r(f)) R
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Pe=1- [ " f(bls0)d
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The larger the ~s,
the narrower the f(#f|sp),
and the smaller the P..



Phase-Shift Keying (PSK) Signaling

@ When M =2, binary PSK is antipodal (€ = &p):
2&
o b
- of\/3)

@ When M =4, it is QPSK (€ =2&).

12

p—

P - 1- 1_Q(\/2Nfb)

—

e

@ When M > 4, no simple Q-function expression for P,?

However, we can obtain a good approximation.



Phase-Shift Keying (PSK) Signaling

F(O s —~ssin?6
(Ols0) > V 7 © cos? This is a good approximation
Thus for large values of M, and large SNR

Pe = 1= [ £ (dls0)do
M

< 1__[M \/ Js o550 e 9 g
_% T

V2yssin(m/M) 1 2
< l—f e Pdu (u=+/2vsinf
—V2yssin(m/M) /27 ( / )

2Q (V/27ssin(/M))



Efficiency of PSK

For large M, we can approximate sin(7/M) < /M and
£ £
= No — |og2(/\/l)ﬁ‘;,

log, M &}
P, = 2_"52
2Q (\/QW e /Vo)

@ To increase rate by 1 bit, we need to double M.

~/

/s

o To keep (almost) the same P, we need Epayg to

quadruple.
M 2 4 8 16 2—-4 | 48 | 8—16 M — 2M as M large
logp(M) 1’1 1 3 1 2 | 2.67 3 4
M?2 4 8 64 64

Increase rate by 1 bit == increase &, by 6 dB as M large



PSK Performance
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M-ary (rectangular) QAM Signaling

@ M is usually a product number, M = M; M,

@ M-ary QAM is composed of two independent M;-ary
PAM (because the noise is white)

SPAM,- = {i%dmin-igdmin-”*iMiQ_ldmin}
SQAM = {(X.y) . X € SPA/\/y_,L and y € SPAM2}
2_M12“12 2_M22_12
IE[|X| ]_ 12 dmin and E[lyl ]_ 12 dmin

Thus for M-ary QAM we have

. _EPI4E] (-1 (-1,
bavg |Og2(M) 12 |0g2 M min




Hence

1 - (1= Pemy-pam) (1= Pem,-pam)
= Pem-PAM + Pe My-PAM — Pe M-PAM Pe M,-PAM

Pe M-QAM

Recall from Slide 5 on PAM

) _i dmin dmin
Pe.m-pAM = 2(1 M,-)Q(\/N) Szc?(\/m)

we have

d..
Pe,M-QAM < Pe,M1-PAM + Pe,Mz-PAM < 4Q( min

Vv 2Ny
6 |0g2 M gbavg
= 4
Q(\/Mi?-FM%—Z No )




Efficiency of QAM

When M; = M,,

3| M Epay
Pem-qam < 4Q (\/ I\;g21 7\/8)
- 0

@ To increase rate by 2 bit, we need to quadruple M.

o To keep (almost) the same P,, we need &b,y to double.

M |4 16 64 4-16 | 16564 | --- | M — 4M as M large
W3 & & 25 |28 [ i

@ Equivalently, increase rate by 1 bit == increase Epayg by

3 dB as M large.

@ QAM is more power efficient than PAM and PSK.
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Performance of QAM

Probability of a symbol error P
ro
= O
S5
P
——
——

10—6 | | | | | |
—-6—4-20 2 4 6 8 10121416 18 20

SNR per bit, y;, (dB)
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Optimal Detection and Error Probability
for Power Limited Signaling
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Orthogonal (FSK) Signaling
(Bandpass) Signal constellation of M-ary orthogonal signaling (OS)

2os - {51 = [VE,0,-,0]", - sm = [O.---.O.\/E]T}

where the dimension N is equal to M.

Given s; transmitted, the received signal vector is
F = S$1+nN

with (n being the bandpass projection noise and)

\/§+n1

lh = 1y

—_
I

rm = nNpm

22



By assuming the signals s,, are equiprobable, the (bandpass)
MAP /ML decision is

A T
m = ar max r S
& 1<m<M m

Hence given s; transmitted, we need for correct decision

(r,51)=5+\/§n1 >(r,sm):\/§nm, 2<m<M

It means

Pr{Correct|s;} = Pr{\/er n > Ny, - VE+n > nM}

By symmetry, we have

Pr{Correct} = Pr{\/§+ n > No. - VE+n > nM}

23



Pr{\/§+ n > n2,---,\/§+ n > nM}
[: Pr{\/§+ n > n2,...’\/§+ n > nM‘nl}f(Ih)dnl

Condition on nl, and average

f: (Pr{VE+m>n nl})M_1 f(ny) dmy

foo
— 00

/.

1_Q(

Q(O_(”1+\/g)

)

n1+\/z)-

/ No
2

M-1

24

M-1

n2,n3,....are all i.i.d.

f(ny) dm

f(ny) dm

Pr{./\/(m,cr?) <r}: Q(

m-r
g

)



Hence

P, = 1-P. Prob of error = | - Prob. of correct decision
- IM-1
= l—foo 1—Q(n1+\/g) f(ny) dn
—00 &
! 2 /_

o0 ’/TNO

- JM-1
00 1
f 1_ 1_Q(n1+\/z) eNt)dnl

= /:: (1 -[1- Q(x)]M_l) \/lz_ﬂe‘(x_\/ivb)z dx

where x = "1+‘/§, and vp = Ep/ No

0

2

Change of variable
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Due to the complete symmetry of (binary) orthogonal
signaling, the bit error rate P}, (see the red-color equation

below) has a close-form formula.

{ Prim=i}=P. ifi=m (e=]|0 bit error|)

Pr{m=i}=17= ifitm (e=|1~k bitsin error))

where k = log,(M).

We then have

(good approximation for large k)

26



Probability of a bit error

Performance of Orthogonal Signaling

107!
| \)\\\
2 \ Different from PAM/PSK

- The larger the M is,
i MR the better the performance!!!

W
107

. *‘1‘32—_*\\\ | | For example, to achieve P, = 107>

: \ \\—\~ M=4 one needs v, =12 dB for M = 2;
105 - \ \ | but it only requires v, =6 dB

sp— 71 for M = 64;

2 A v e a 6 dB save in transmission power
10_6—4 0 4 8 12 16 20

SNR per bit, y;, (dB)
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Error Probability Upper Bound

Since Pp, decreases with respect to M, is it possible that

im P.= |lim P,=07
M— oo M — oo

Shannon limit of the AWGN channel:
Q If 75> log(2) ~—1.6 dB, then limp_o Pe = 0.
Q If 7, <log(2) ~-1.6 dB, then infys; P, > 0.

28




Shannon's channel coding theorem

In 1948, Shannon proved that

o if R< C, then P, can be made arbitrarily small (by
extending the code size);

o if R> C, then P, is bounded away from zero,

where C = maxp, /(X;Y') is the channel capacity, and R is the
code rate.

>

@ For AWGN channels,

P
No W

C = Wlog, (1 - ) bit /second

Note that W is in Hz=1/second, Ny is in Joule (so NoW
is in Joule/second=Watt), and P is in Watt.

29



Since P (Watt) = R (bit/second) x &p (Joule/bit), we have

R> C:WIog2(1+

REp )_
NoW )

W log, (1 - %f}fb)

L e
<< "RIW

For M-ary (orthogonal) FSK, W = % and R = '°g2T(M)

Hence, R/W = 2'°g,‘2/’(’\/’) _ %lkg

This gives that

22k[2% _ 1
If vp < lim

. 2k 2k = log(2), then P, is bounded away from zero.
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Conclusions

*We have seen the probability of error calculations and performance of
bandlimited and power limited schemes

* Bandlimited schemes (such as ASK, PSK, QAM) need more power (or
energy per bit) to guarantee the same error probability as M (rate) increases

* For same energy per bit, the performance of B-L schemes degrades as M
Increases

* On the contrary, for power limited (orthogonal) signaling schemes, the
performance improves as M increases, but this comes at the cost of higher

bandwidth
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