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Learning Objectives

At the end of this lecture, the student should be able to:

Describe the main memoryless methods for digital modulation (such
as ASK, PSK, QAM, FSK).

Create the signal space representation (constellation diagram) for any
memoryless modulation scheme and determine the minimum distance
between signal points for memoryless modulation in terms of symbol
or bit energy.
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Classification of Digital Modulation Schemes
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FIGURE 3.1–1
Block diagram of a memoryless digital modulation scheme.

1 ≤ m ≤ 2k , signals regardless of the previously transmitted signals. This modulation
scheme is equivalent to a mapping from M = 2k messages to M possible signals, as
shown in Figure 3.1–1.

In a modulation scheme with memory, the mapping is from the set of the current
k bits and the past (L − 1)k bits to the set of possible M = 2k messages. In this case
the transmitted signal depends on the current k bits as well as the most recent L − 1
blocks of k bits. This defines a finite-state machine with 2(L−1)k states. The mapping that
defines the modulation scheme can be viewed as a mapping from the current state and
the current input of the modulator to the set of output signals resulting in a new state of
the modulator. If at time instant !−1 the modulator is in state S!−1 ∈ {1, 2, . . . , 2(L−1)k}
and the input sequence is I! ∈ {1, 2, . . . , 2k}, then the modulator transmits the output
sm!

(t) and moves to new state S! according to mappings

m! = fm(S!−1, I!) (3.1–1)

S! = fs(S!−1, I!) (3.1–2)

Parameters k and L and functions fm(·, ·) and fs(·, ·) completely describe the modula-
tion scheme with memory. Parameter L is called the constraint length of modulation.
The case of L = 1 corresponds to a memoryless modulation scheme.

Note the similarity between Equations 3.1–1 and 3.1–2 on one hand and Equa-
tions 2.7–43 and 2.7–44 on the other hand. Equation 3.1–2 represents the internal
dynamics of a Markov chain where the future state depends on the current state and
the input I! (which is a random variable), and Equation 3.1–1 states that the output
m! depends on the state through random variable I!. Therefore, we can conclude that
modulation systems with memory are effectively represented by Markov chains.

In addition to classifying the modulation as either memoryless or having memory,
we may classify it as either linear or nonlinear. Linearity of a modulation method re-
quires that the principle of superposition apply in the mapping of the digital sequence
into successive waveforms. In nonlinear modulation, the superposition principle does
not apply to signals transmitted in successive time intervals. We shall begin by describ-
ing memoryless modulation methods.

As indicated above, the modulator in a digital communication system maps a
sequence of k binary symbols—which in case of equiprobable symbols carries k bits of
information—into a set of corresponding signal waveforms sm(t), 1 ≤ m ≤ M , where
M = 2k . We assume that these signals are transmitted at every Ts seconds, where Ts is
called the signaling interval. This means that in each second

Rs = 1
Ts

(3.1–3)

Digital data are usually in form of a binary stream (or bit stream).

We need to map the bit stream to signals which match the
characteristics of the communication channel.

This mapping can be either memoryless or with memory.
- Memoryless modulation
- Modulation with memory.

Besides memory, modulation schemes can also be classified as
- Linear modulation schemes
- Non-linear modulation schemes
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Classification based on Memory

Memoryless modulation
- binary sequence is divided into subsequences of length k
- each length k sequence is mapped to a signal sm(t), 1 ≤ m ≤ 2k

- this mapping does not depend on the past (hence memoryless)
- Modulation = mapping of 2k messages to 2k possible signals.
- M = 2k

Modulation with memory
- mapping is from current k-bits and past (L− 1)k bits to the set of
M = 2k messages
- signal sent for the current block of bits depends on the current k
bits as well as the past L− 1 blocks (each of k bits)
- parameter L is called constraint length
- L = 1 corresponds to memoryless modulation
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Symbol rate, Bit rate

Every block of k bits is called a symbol.

Mapping of symbols (or k bits) to signal waveforms sm(t),
m = 1, 2, . . . ,M, where M = 2k

Signaling interval: Ts

(a signal is transmitted every Ts seconds)

Signaling rate (or Symbol rate): Rs = 1
Ts

(# of symbols sent per second)

Bit interval: Tb = Ts
k = Ts

log2 M

(a bit is transmitted every Tb seconds)

Bit rate: R = kRs = Rs log2(M)
(# of bits sent per second)
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Energy & Power

If energy of sm(t) = Em, then average signal energy is

Eavg =
M∑

m=1

pmEm

pm: probability of mth signal being sent.

For pm = 1/M (equiprobable signals), Eavg = 1
M

∑M
m=1 Em

Average energy per bit:

Ebavg =
Eavg

k
=

Eavg

log2 M

Average Power (sent by the transmitter):

Pavg =
Ebavg

Tb
= R︸︷︷︸

bit rate

× Ebavg︸ ︷︷ ︸
avg bit energy
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Memoryless Modulation Schemes

Linear modulation schemes:

Pulse Amplitude Modulation (PAM)
(amplitude modulation)

Phase Shift Keying (PSK)
(phase modulation)

Quadrature Amplitude Modulation (QAM)
(amplitude & phase modulation)

Non-linear modulation schemes:

Frequency Shift Keying (FSK)
(frequency modulation)
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Pulse Amplitude Modulation (PAM)

PAM signal waveforms are represented as

sm(t) = Amp(t), 1 ≤ m ≤ M

p(t): (real valued) pulse of duration T

{Am}: set of M = 2k amplitudes

Usually, Am = 2m − 1−M, m = 1, 2, . . . ,M,
i.e., amplitudes are ±1,±3,±5, . . . ,±(M − 1)

Energy of mth signal: Em = A2
mEp

Average signal energy: Eavg =
(M−1)2Ep

3

Average bit energy: Ebang =
(M−1)2Ep

3 log2 M

Carrier modulated bandpass PAM (ASK): sm(t) = Amp(t) cos(2πfct)
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Signal Space Diagram for PAM

PAM signals are one-dimensional (all are multiples of the same signal)

Basis for a PAM signal:

φ(t) =
p(t)√
Ep

Signal representation in terms of basis:

sm(t) = Am

√
Epφ(t),m = 1, . . . ,M

One-dimensional vector representation:

sm = Am

√
Ep, Am = ±1,±3, . . . ,±(M − 1)
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PAM constellation

Mapping of M = 2k bits to M amplitudes.

Gray mapping: adjacent bits differ by 1 binary digit.

Distance between any pair of signal points:

dmn =
√
||sm − sn||2 = |Am − An|

√
Ep

Minimum distance (dmin): smallest dmn over all possible (m, n) pairs
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Phase Modulation

In phase modulation, the M signal waveforms are represented as:

sm(t) = g(t) cos

[
2πfct +

2π

M
(m − 1)

]
, m = 1, 2, . . . ,M

g(t) : signal pulse shape

θm = 2π(m−1)
M are the M possible phases of the carrier which convey

the transmitted information. (PSK)

All M waveforms have equal energy, hence Eavg = Em =
Eg

2 .

Basis Functions: (go to board)

φ1(t) =

√
2

Eg
g(t) cos(2πfct); φ2(t) = −

√
2

Eg
g(t) sin(2πfct)

Signal space dimensionality N = 2 (does not depend on M)
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PSK Vector Representation

Using the basis functions, we can write the vector representations as

sm =

(√
Eg

2
cos(θm),

√
Eg

2
sin(θm)

)
, m = 1, 2, . . . ,M

θm = 2π(m − 1)/M

Distance: dmn =
√
||sm − sn||2 =

√
Eg [1− cos(2π(m − n)/M)]

Minimum distance dmin =
√
Eg [1− cos(2π/M)] (when |m − n| = 1)
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Quadrature Amplitude Modulation (QAM)

Signal waveforms are expressed as

sm(t) = rmg(t) cos(2πfct + θm), m = 1, . . . ,M

modulation in both amplitude and phase.

Can also be equivalently written as:

sm(t) = Amig(t) cos(2πfct)− Amqg(t) sin(2πfct),m = 1, . . . ,M

Where, rm =
√

A2
mi + A2

mq, and θm = tan−1(Amq/Ami ).

What are the basis functions for QAM signals ?

What is the dimensionality of the QAM signal space ?
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Orthonormal basis for QAM

Similar to PSK, the orthonormal basis functions for QAM are:

φ1(t) =

√
2

Eg
g(t) cos(2πfct); φ2(t) = −

√
2

Eg
g(t) sin(2πfct)

Using these, we can write the signal sm(t) as

sm(t) = Ami

√
Eg

2
φ1(t) + Amq

√
Eg

2
φ2(t)

Therefore, the vector representation is

sm =

(
Ami

√
Eg

2
,Amq

√
Eg

2

)
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QAM continued

Signal energy: Em = ||sm||2 = (Eg/2)(A2
mi + A2

mq)

Distance between two QAM signals:

dmn =
√
||sm − sn||2 =

√
(Eg/2)[(Ami − Ani )2 + (Amq − Anq)2] (1)

Rectangular QAM: when signal amplitudes are
{(2m − 1−M),m = 1, 2, . . . ,M}, then the signal space diagram is
rectangular.
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FIGURE 3.2–4
Examples of combined PAM-PSK constellations.

In the special case where the signal amplitudes take the set of discrete values
{(2m − 1 − M), m = 1, 2, . . . , M}, the signal space diagram is rectangular, as shown
in Figure 3.2–5. In this case, the Euclidean distance between adjacent points, i.e., the
minimum distance, is

dmin =
√

2Eg (3.2–41)

which is the same result as for PAM. In the special case of a rectangular constellation
with M = 22k1 , i.e., M = 4, 16, 64, 256, . . . , and with amplitudes of ±1, ±3, . . . ,

±(
√

M − 1) on both directions, from Equation 3.2–39 we have

Eavg = 1
M

Eg

2

√
M∑

m=1

√
M∑

n=1

(
A2

m + A2
n

)

= Eg

2M
× 2M(M − 1)

3
(3.2–42)

= M − 1
3

Eg

FIGURE 3.2–5
Several signal space diagrams for rectangular
QAM.
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Summary of PAM, PSK & QAM

In general these signaling schemes can be written as:

sm(t) = Real
[
Amg(t)e j2πfc t

]
, m = 1, 2, . . . ,M

where Am depends on the signaling scheme.

Quiz: What is this representation ? and what is Amg(t) ?

PAM: Am is real, and usually ±1,±3, . . . ,±(M − 1)

PSK: Am is complex and equal to e
j2π(m−1)

M

QAM: Am is a general complex number (Ami + jAmq)

In all these schemes, the dimensionality of the signal space is low
(N = 1 for PAM, and N = 2 for PSK, QAM) and independent of the
constellation size M.
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Multidimensional signaling

Modulation of the carrier amplitude and phase allows us to construct
signal waveforms that correspond to N = 2 dimensional vectors and
signal space diagrams.

We can also use the time domain, frequency domain or both time and
frequency domains to increase the dimensionality.

Suppose we have N-dimensional vectors.

We subdivide a time interval of length T1 into N intervals,
T = T1/N. In each sub-interval of length T , we can use PAM to
transmit one element of the N-dimensional signal vector.

Similarly, we can divide a frequency band of width N∆f into N
frequency slots, each of width ∆f . We can then modulate the
amplitude of N carriers, one in each of the N frequency slots.
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Multidimensional signaling
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3.2–4 Multidimensional Signaling

It is apparent from the discussion above that the digital modulation of the carrier
amplitude and phase allows us to construct signal waveforms that correspond to two-
dimensional vectors and signal space diagrams. If we wish to construct signal wave-
forms corresponding to higher-dimensional vectors, we may use either the time domain
or the frequency domain or both to increase the number of dimensions. Suppose we
have N -dimensional signal vectors. For any N , we may subdivide a time interval of
length T1 = N T into N subintervals of length T = T1/N . In each subinterval of
length T , we may use binary PAM (a one-dimensional signal) to transmit an element
of the N -dimensional signal vector. Thus, the N time slots are used to transmit the
N -dimensional signal vector. If N is even, a time slot of length T may be used to
simultaneously transmit two components of the N -dimensional vector by modulating
the amplitude of quadrature carriers independently by the corresponding components.
In this manner, the N -dimensional signal vector is transmitted in 1

2 N T seconds ( 1
2 N

time slots). Alternatively, a frequency band of width N! f may be subdivided into N
frequency slots each of width ! f . An N -dimensional signal vector can be transmitted
over the channel by simultaneously modulating the amplitude of N carriers, one in each
of the N frequency slots. Care must be taken to provide sufficient frequency separation
! f between successive carriers so that there is no cross-talk interference among the
signals on the N carriers. If quadrature carriers are used in each frequency slot, the N -
dimensional vector (even N ) may be transmitted in 1

2 N frequency slots, thus reducing
the channel bandwidth utilization by a factor of 2. More generally, we may use both
the time and frequency domains jointly to transmit an N -dimensional signal vector.
For example, Figure 3.2–7 illustrates a subdivision of the time and frequency axes into
12 slots. Thus, an N = 12-dimensional signal vector may be transmitted by PAM or
an N = 24-dimensional signal vector may be transmitted by use of two quadrature
carriers (QAM) in each slot.

Orthogonal Signaling
Orthogonal signals are defined as a set of equal energy signals sm(t), 1 ≤ m ≤ M , such
that

〈sm(t), sn(t)〉 = 0, m $= n and 1 ≤ m, n ≤ M (3.2–46)

FIGURE 3.2–7
Subdivision of time and frequency axes into distinct slots.

We can also use the time domain, frequency domain or both time and
frequency domains to increase the dimensionality.
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Orthogonal Signaling

Definition: Orthogonal signals are a set of equal energy (E ) signals
sm(t),m = 1, 2, . . . ,M, such that 〈sm(t), sn(t)〉 = 0.

Orthogonal signals are linearly independent and hence N = M

Orthonormal basis for representing {sm(t)}:

φm(t) =
sm(t)√

E
, m = 1, . . . ,M

Vector representation:

s1 =
(√

E , 0, 0, . . . , 0
)

s2 =
(

0,
√
E , 0, . . . , 0

)

... =
...

sM =
(

0, 0, . . . , 0,
√
E
)

dmn =
√

2E (for m 6= n) and hence dmin =
√

2E
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Frequency-Shift Keying (FSK)

FSK falls in the class of orthogonal signaling, in which the orthogonal
signal waveforms differ in frequency.

FSK waveforms are represented as

sm(t) =

√
2E

T
cos(2π(fc + m∆f )t), m = 1, 2, . . . ,M

Coefficient
√

2E
T guarantees that signal energy is E .

We can also write sm(t) = Real
[
sml(t)e j2πfc t

]
, where

sml(t) =

√
2E

T
e j2πm∆ft

sml(t) is the lowpass equivalent of sm(t).
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Orthogonality of FSK signals

For this set of signals to be orthogonal, we must have
Real[〈sml(t), snl(t)〉] = 0 for all m 6= n

This inner product evaluates to:

〈sml(t), snl(t)〉 =
2E

T

∫ T

0
e j2π(m−n)∆ft dt

=
2E

j2π(m − n)∆fT

[
e j2π(m−n)∆fT − 1

]

and the real part is

Real[〈sml(t), snl(t)〉] =
2E sin(2π(m − n)∆fT )

2π(m − n)∆fT

= 2E · sinc (2(m − n)∆fT )

Hence signals are orthogonal if ∆f = k/2T , for some integer k .

∆f = 1/2T is the minimum frequency separation to guarantee
orthogonality.
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Linear vs. Non-linear modulation

Recall that for PAM, PSK, QAM modulation, the lowpass equivalent
signal is of the form Amg(t).

Sum of two lowpass QAM signals is the lowpass equivalent of another
QAM signal.

In this sense, sum of two QAM signals is another QAM signal.

Thus, these schemes fall in the category of linear modulation schemes.

Does FSK satisfy this property ?

No, hence FSK is a non-linear modulation scheme.
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Lecture Summary

In this lecture, we have studied various memoryless modulation
schemes, such as PAM, PSK, QAM and FSK.

Next lecture, we will focus on non-linear modulation schemes and also
study the Power spectrum of digitally modulated signals.
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