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This  situation  represents  an  interesting  contrast  to 
systems  such  as  RAKE  where  a  time  diversity  improve- 
ment is obtained  by  having  several  independently  fad- 
ing paths  instead of a  single fading  path  with  the  same 
total  average power. Obviously, the  system  of  Fig. 3 
performs  best  when So arrives  via  a single rather  than 
several  paths.  There  are  two  main  reasons  for  this  dif- 
ference. First,  as  far  as  time  diversity is concerned, the 
system of Fig. 3 is making full use of  this  signal  char- 
acteristic since T>>To. Additional  paths give no addi- 
tional  diversity  advantage  but  result in lowered output 
SNR for  a  given So. Secondly,  systems  such as  RAKE 
require  relatively high information  rates  concerning 
medium  variations in order  to  properly process the re- 
ceived  signal so as  to  take  advantage of the  time  divers- 
ity  characteristics of multipath.  Obviously,  such me- 
dium  information is unavailable  under  the  conditions 
assumed  for the  system of Fig. 3. 

Doppler  Shift 
If  the signal is received with  a  frequency  error  spread 

of Af cps  due  to  Doppler  or  other  causes,  a loss in out- 
put  SNR will result. If the received  signal frequency is 
changing  during  the  transmission period or if the pre- 
cise frequency  cannot be determined,  then  multiple 
processing of the  type  shown in Fig. 3 must  be used and 
the  outputs combined  before the decision circuit.  The 
processors  would  be  designed to  operate  at  center  fre- 
quencies  with  a  spacing of about 1/47 cps. The loss 
factor  due  to  Doppler  or  frequency  error which  would  be 
applied to (53) would be  about 4 d f .  

V. CONCLUSIONS 
The  communications  problem  for which  a  solution 

was attempted in this  paper  involved  a  fading  channel 
under  conditions of intense  interference. The solutions 
obtained  are  valid  only for low SSR’s  but  i t  is  believed 
that  important practical  applications  exist which  can 
make use of the  results  obtained.  At sufficiently low 
SNR’s  nearly all  media  must  be considered as  fading  or 
time-variant  due  to  the  long  symbol  periods  required 
for  operation.  The  results  show  that  relatively low ca- 
pacities  result  under the  conditions  assumed  and  that 
other  capacity  formulas, based on more  favorable  chan- 
nel conditions,  may  give  results  that  are in error  by  sev- 
eral  orders of magnitude, if such  formulas  are  mistak- 
enly  applied  to  the  problem  stated. 
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Gate Noise in Field Effect  Transistors at 
Moderately High Frequencies* 

A.  VAN DER ZIELt, FELLOW, IRE 

Summary-At  higher frequencies the gate noise of a field effect 
transistor increases rapidly  with increasing frequency. This effect is 
here attributed  to  the  thermal noise of the conducting channel and is 
caused by the  capacitive  coupling between the channel and  the gate. 
The noise is represented by gate and drain noise current generators 
io and b, respectively; an  approximation method is developed that 
allows calculation of $, and  for moderately high frequencies. 
The  correlation coe5cient of io and id is imaginary and amounts to 
about 0.40j under  saturated conditions. 2 a n  be expressed in  terms 
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of  the noise resistance R, and  the  gate-source  capacitance Co8. It is 
shown  that  the  correlation has only a slight influence on the noise 
figure F and  that (&in - 1) varies as oC0.R. over a wide  frequency 
range. 

I.  INTRODUCTION 
HE  NOISE  BEHAVIOR of field effect transistors 
at low frequencies  is at present well understood. 
Shockley [l ] has calculated the  dc  characteristic 

and  the  small  signal  ac  parameters of the device. The 
noise can  be  represented  by  two  current  generators i, 
and id at  the  input  and  the  output, respectively.  Van  der 
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Ziel [ 2 ]  has  shown that  the  output noise current  genera- frequency  and io will vary as jo. As a  consequence 2 is 
tor  is  caused  by  the  thermal noise of the  conducting frequency  independent,  varies  as o2 and i,*id varies 
channel, modified by  modulation effects. He  finds as jo. The  same is brought  out  by  the  detailed  calcula- 

- tion of Section 111. 
i d 2  = 4KTgma,Q(V,, V J A f  (l) Fig. 2 shows  a field effect transistor.  with  bias  voltages 

where V, is the  gate bias, vd the  drain  bias, g,,, the 
transconductance  in  the  saturated  part of the  character- 
istic  for the given gate bias V,, and Q( V,, vd) is a  factor 
that is  slightly less than  unity.  The  input noise current 
generator [ 2 ] ,  [3] is  caused by  the  shot noise of two 
currents I l  and 12; I l  is the  current  due  to  electrons  ar- 
riving at  the  gate  and holes  leaving the  gate  and 1 2  is the 
current  due  to  electrons  leaving  the  gate  and holes ar- 
riving at   the  gate.  Hence 

Since the  two noise sources  are  independent, io and 
are  uncorrelated. 

At higher  frequencies the noise can  again  be  repre- 
sented  by  the  two  current  generators i ,  and i d ,  but  the 
physical  cause of io is  somewhat  different.  Fig. 1 shows 
the full equivalent  circuit of a field effect transistor for 
arbitrary frequencies. I t  consists of the  two  current 
generators  mentioned  above  and  the  admittances Y11, 
Y12 and Y22; the signal  transfer  properties of the  circuit 
are  described  by  the  generator Y21vg. where v, is the  ac 
gate voltage. I t  is  seen  from the figure that io and i d  are, 
respectively, the  short-circuit noise currents at  the  input 
and  output, if both  input  and  output  are  short-circuited. 

That io will now have a component that  is  partially 
correlated  with i d  can  be seen as follows. Due  to  the dis- 
tributed  thermal noise EMF’s in the  channel,  the noise 
current i d  will flow through  the  short-circuited  output. 
But in addition, noise voltages will be  developed  along 
the  channel  and,  because of the  capacitive  coupling be- 
tween the  channel  and  the  gate, a capacitive noise cur- 
rent will flow through  the  short-circuited  input.  Since 
this  component of io comes  from the  same noise EMF’s 
as i d ,  one  would expect io and i d  to become partly corre- 
lated.  This  thermal noise component of io may  be con- 
siderably  larger  than  the  shot noise component  given 

In a rigorous  theory  the  transistor  should  be  treated 
as a  distributed  active line. But   a t  moderately high  fre- 
quencies it  may  be  assumed  that  the  capacitive  currents 
flowing to  the  gate  are small in comparison  with the con- 
ductive  currents flowing through  the  channel.  In that 
case suitable  approximation  methods  can  be  developed 
that allow to  calculate io’, i,*id and in a straight- 
forward  manner. I t  is the  aim of this  paper to  treat  such 
a  method in detail. 

Experimentally  it  is  found  that is independent of 
frequency [4] whereas 2 contains  a  term [3], [4] vary- 
ing as w2, both  over a wide frequency  range.  Even  with- 
out a detailed  calculation i t  is easily  seen that  the pro- 
posed model can  explain  this noise behavior.  For  as  long 
as  capacitive  currents  are  small, i d  will be  independent of 

by ( 2 ) .  

- -  

applied, that  is short-circuited ac-wise at  both  input 
and  output.  Let  the  uniform,  conducting  channel  be 
p-type  and  let  the  device  have  planar  geometry.  Let 
the device  have  unit  width  and  let 2a be the  thickness 
of the  p-type  layer  and L the  length of the  conducting 
channel. Let 2b(x)  be the  thickness of the  conducting 
channel at a  distance x from the  drain  contact.  In  the 
figure the  conducting  channel  is  divided  into  small sec- 
tions Ax and  independent noise EMF’s  are  assumed in 
each  section. 

The  approximation  method  mentioned  above  pro- 
ceeds as follows. First,  one  calculates  the  short-circuited 
output noise current A i d  due  to  the  thermal noise E M F  
AW, in particular  section A X ,  determines  the  fluctuat- 
ing  channel  width 2Ab(x) as a  function of the  distance x 
to  the source  contact  and  evaluates  the  fluctuating 
charge Aq stored in the  space  charge region because of 
the  above noise E M F  in the section Ax (Fig. 2 ) .  This 
allows  one to  determine Aid2, A: and Aq*Aid. By  sum- 
ming  over  all  sections AX,  which amounts  to  integrating 
over  the  length of the  channel,  one  obtains i d 2 ,  q 2  and 
¶*Aid,  where i d  is the  short-circuit noise current a t   the  
output  and q the  total  fluctuating  charge in the  space 
charge region. Bearing  in  mind that  the  fluctuating  gate 
current i ,  is  related t o  q by  the  relation 

v 

-- 

- -  
- 

i, = j w q  
- -  

one  may  calculate id’, io2 and ip*id. 

Fig.  1-Equivalent  circuit of the device 
for arbitrary frequencies. 

A i ,  * dAg/dt  

I d  

I L Aid 

Fig. 2-Cross section of a  planar field-effect transistor  showing  the 
source, the  gate,  the  drain,  the channel of width 2b and  the space- 
charge  regions of width (b-a) .  W(x)  is the bias  between the 
conducting  channel and  the gate. 
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11. CALCCLATION OF Aid AND Ab(X) DGE TO THE If  a noise E M F  A W z  is generated  between x0 and 
NOISE E M F  A W ,   ( x o ~ A x ) ,  then  anywhere  along  the  channel 

Let W ( x )  be the bias  voltage  between the  gate  and  the 
channel a t  a  distance x from the source  contact. If V ,  is w = w o  + A W ,  b = bo + Abl I = Io + Aid, 

the  gate  bias, - l/d the  drain  bias  and V d i f  the diffusion 
potential of the gate-channel  junction,  then W =   W ,  
= ( v,+ v d i f )  at   the source  side of the  gate  contact  and 
w= w d = (  rig+ v d i f -  Vd) at  the  drain side of the  gate 
contact. 

According to  Shockley [l ] the following relations 
hold. If Woo is the bias  needed  for  channel  cutoff, then 
the relation  between W ( x )  and b ( x )  is 

where A W ( x )  and Ab(x)  are  functions of x but Aid is 
independent of x .  The function A W ( x )  satisfies the fol- 
lowing  conditions : 

a) A W ( x )  = 0 ,  a t  x = O ,  and  at  x = L,  since the  gate  and 
drain  bias  voltages  are fixed and  the  output of the de- 
vice is short-circuited. 

b) [ A W ( x o + A x )   - A W ( x o ) ]  = - A W z ,  for if A W z  is the 
E M F  in the section A x ,  then  the  bias a t  (xo+Ax)  is 

15' = woo (1 - +)2. 

A W,  lower than  at xo. 

ing to  ( 5 )  

. -  

' (4) The first step is to  calculate A W ( x )  and Aid. Accord- 

The  current I is given by  the  equation 
d(Wo + A W )  

ax d TV (10 + Aid) = g(wo + A w )  
dx 

I = g(W) - ; g(W) 
Substituting  (sa)  one  obtains 

where g (  W )  is the  conductance per unit  length a t  a dis- 
tance x from the source  contact,  and go is the  conduct- 
ance per unit  length of the open  channel.  Under  equilib- 
rium  conditions W =  Wo, b = bo and I = lo, 

Aid = - go 

w o  = Woo(l - :)2 

= g o d  { [ 1 - (%>"'] A W }  . 
dx  

According to Shockley, The solution of this differential equation is 

where y = W d /  Woo and z = W,/ Woo and  satisfying  the  condition A W = 0 a t  x = 0 and 

fl(rl Z) = [(y - Z) - 3(y312 - ~ 3 / 2 ) ] .  ( 6 4  

Under  saturated  conditions w d  = Woo or y =  1. 
I t  is also  convenient to know the  capacitances C,, and 

and Cpd between gate  and  source,  and  gate  and  drain 
respectively.  These  capacitances  are  calculated in the 
Appendix. If -PO is the (negative)  space  charge  density 
in the space  charge  region,  then 

[ 1 - ($)"'] AW = go (x - L)  
Aid 

satisfying the conditions A W = 0 a t  x = L. Consequently 
there is a  jump -AidL/go in the  right-hand  side of the 
equation  between x0 and (xo+Ax).  Hence 

or 

where the  functions f2(y, z )  and f3(y, z) are defined in Aid = 2 [ 1 - w o 1 ' 2 ( x 0 ) ]  A w s +  
the Appendix. The  total  gate  capacitance C,, is, there- 
fore, 

L W o o l ' *  
:11> 

This  result  agrees  with  van  der Ziel's earlier  calculation 
2p0aL [2]  and indicates that ;dz is equal  to  its low frequency 

= ( C U ~  + Cod) = - b2(Y, z> +fdYl z)]. (7b) woo value in this  approximation. 
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The next step is to  calculate the  fluctuating  width 
2Ab(x) of the channel.  From (4) 

Ab AW 
a 2Woo'" 
_ -  _ -  ( 1 2 )  

so that according to  (9) and (10)  

Ab Aid X 

a go 2WOO'~*W0'~2[1 - (WO/WOO)'~*] 
- -  - - -  (12a) 

for O<x<xo,  and 

Ab  Aid ( x  - L) 

a go 2 w 0 0 ' ~ 2 w 0 ' ~ ~ [ 1  - (Wo/W00)1~*] 
_ -  - --  (12b) 

for (xo+Ax) < x  <L. 

111.  CALCULATION OF i,z and % F d  

The next step is to  calculate the  fluctuating  charge 
Aq stored  in  the  two  space  charge regions. The dis- 
tributed  negative  charge Q'dx per length d x  stored in 
these  regions,  each of width ( a  - b ) ,  is 

Q'dx = - 2(a - b)p& = - 2apo ( 1 - - :) dx (13) 

since -pO is the negative  space  charge  density in the 
space  charge  region.  This is compensated  by  an  equal 
and opposite  charge Qdx per length d x  at  the  gate con- 
tact 

Qdx = 2 a p o  ( 1  - :) d x .  

Consequently the fluctuation Ab in b between x and 
(x+dx)  produces  a  fluctuating  charge 

at  the  gate. Applying (12a) and (12b) ,  one  obtains for 
the  total  fluctuating  charge Aq at  the  gate caused by  the 
noise E M F  AW= between x0 and (xo+Ax) 

Aq = Ab(x) dx + - 2ap0 - A W  d x  - 2apo - 
a 2 0  a 

L rds 

Ldx 

Applying (S), one  can eliminate x as follows: 

Eq. (16) shows that  Aq  and A i d  are fu l ly  correlated. The 
quantity p is generally  positive. 

Substituting (7), (16)  may be written 

- c,, 
fdr, Z ) j z ( Y ,  4 

Aq = 

Substituting Z L =  W~(xo)/Woo and  bearing in mind that 

__ Ax  4kTAf  AW(x0) 
AWZ2 = 4kTAf - - 

g( Wo(x0) ] (lo/Jvoo) woo 

one  obtains 

Integrating  with  respect to  ZL between the lower limit z 
and  the  upper  limit y yields 

where 

= - ( 1  - z'/2) 
go 
L 
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is the  transconductance  under  saturated  conditions 
(Y = I ) ,  

h1(y, 2)  = [‘(l - U’/2)2dU 

Consequently 

- - 4kTA-f gdy, z ) ( l  - zl’*> 
i,2 = igo’ + - w2c,,= (3 1) 

gm*x f 1 3 h  z ) ~ z Y Y ,  z> 

where i,o2 is the low-frequency  value of G, given by (2) .  
The  theory presented  here  holds  for the bias  condi- 

tions z 5 y <  1. Experimentally it is found  that  the noise 
parameters of field effect transistors  approach  limiting 
values at   the onset of saturation (y=  1 in our  notation) 
which are  maintained well into  the  saturation region of 
the  characteristic. I t  is thus  appropriate  to define the 
“theoretical  values” of the noise parameters in the 
saturation region as  the values  given by (29)-(31) in the 
limit y-1, even  though  the  theory in and  by itself does 
not  apply inside the  saturation region of the  characteris- 
tic. 

IV. APPLICATION OF THE RESULTS 
- -  

Having  calculated i,2, i9*& and z i ,  we now apply  the 
results to  the calculation  of the noise figure F. The 
method for  calculating F is the  same  as for the HF 
triode.  Since we need our  expression  for F in a  form 
adapted  to  the results of Section I11  we give  here its 
derivation. 

Let g, be the signal  source conductance  and Y,  
=gc+jb, the  admittance of the  input circuit. The noise 
of the signal  source and  the  input circuit are represented 
by  current  generators i, and i,, respectively,  where 

- - 
is2 = 4kTgaAf; ic2 = 4kTg,Af. (32) 

By  evaluating  the  short-circuit noise current in in the 
output for  each of the noise sources,  one obtains for 
the noise figure F, with the help of Fig. 1, 

where Yin=  Yll+  Y12=gin+jbin, and Ut,= Yp1-  Y12 
=gtr+jbtr. 

To simplify (33), i, is split  into  a  part i,’ that is fully 
correlated  with i d  and a part i,” that is uncorrelated 
with id 

i, = i,’ + i,”, or ig2 = iof2 + i,”2. (34) 

One now introduces  the  input noise conductance gn, the 
equivalent noise resistance Rn and  the  correlation  ad- 
mittance Yeor of the device  with the help of the defini- 
tions 

- - -  

Eq. (33) then becomes 

gc + gn + Rn I g, + Y c  + Y i n  + Y c o r  1 ’  
g, 

F = l +  ‘ (38) 

Considering F as a  function of the circuit  susceptance 
b,, i t  is seen that (38) has  a  minimum  value 

gc + gn + Rn(g8 + gc + gin + gcor)’ 
F ’ = l +  (39) 

ga 

for 

( b c  + bin + bcor) = 0. (394  

Considered as a  function of g,, F’ has  a  minimum  value 
F‘min 

All reference to  the correlation  conductance  has  then 
disappeared  from the  equations. 
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I t  is convenient  to  introduce  the  (complex)  correla- 
tion coefficient c, defined  as 

In that  case 

Applying  these  results to  the discussion of Section - -  
111, it is seer~  that for i0,2>>i0,2: 

gdy, z) 
gdy, M Y ,  2) 

c = j  (45) 

so that c is imaginary.  At  intermediate  frequencies  the 
value of Ytr is practically real and  equal  to  the low-fre- 
quency  transconductance g, of the device. As a  conse- 
quence  the  correlation  admittance Y,,, is reactive  and 
the  correlation  conductance g,,, is negligible a t  those 
frequencies. 

For  a more detailed discussion the  various noise 
parameters  must be determined. Field  effect transistors 
are generally used in the  saturated region, so that  y = 1. 
Because the  transconductance of the  device is equal  to 
g,,, under that  condition,  the noise resistance R, is 

which is of the  order of l/'gmar. The  value of is 

1 (1 + 3z1/2)a 1  (1 + 3 ~ ' / ~ ) ( 1  + 4z1/2) 

24 (1 + 2 ~ ~ 1 ~ ) ~  10 (1 + 221'2) I- -- 

+ 7 (1 + jz1/2)]. (47) 
1 

13 

Neglecting 3, the  correlation coefficient is 

0.0 QI 02 Q3 0.4 05 06 07 a8 09 ID 
2- __- 

Fig. 3--c=i,*id/d/id .i> plotted as a function of the normalized 
gate bias c= (V,+Vdif)/WO, for the  saturated condition and 
with 's><<i:. 

r- 

2 -  
- -  

Fig. 4-Normalized gate noise (i,"-i,of)/(4K~~,~~fW2C,,4) plotted as 
a function of the normalized gate bias e= (V,+ Vdir) /Woo for the 
saturated condition. 

I t  is seen from Fig. 3 that 1 C I  is of the  order of 0.4; 
hence  only  a  relatively  small  error is made in (43) if the 
factor  (1 - I c /  ') is omitted.  This  means  that  the effect of 
correlation  can be ignored  without  great loss of accuracy 
and  that  little  improvement in noise figure can  be ex- 
pected  by  properly  detuning  the  input  circuit. 

I t  is seen from  Fig.  4 that 2 may be written 

i," = H ( z )  -4kTR,Afw2Cgs2 + i,oP (49) 

Figs. 3 and 4 show 1 C I  and  where H(z)  lies between 0.3 and 0.4 for practical  bias 
conditions.  Ignoring  correlation,  the  input noise con- 

H ( z )  = (? - Q)/(4kTRnAfw2Cg2) ductance gn can  thus be expressed  as 

as  functions of 2 ,  respectively. g n  = H(~)&u'Cgs* + g n 0  (50) 



1963 van der Ziel: Gate Noise in Field Efect  Transistors  at  Higher Frequencies 46 7 

where gnO is the  low-frequency  value  of g,. Conse- where u = Wo/ Woo, y = W d /  Woo, z =  W,/ Woo and g (  Wo) 
quently  the  minimum noise figure Fmin’can be written  as and IO are  given  by ( 5 )  and (6 ) ,  respectively. The  small- 

F L i n  = 1 + 2v’R,,gn = 1 + 2 w C v 8 R d / A ( ~ )  (51) 
- ~ signal capacitances per unit  width  are defined as 

if the  assumptions  are  made  that g,>>(g,+g,+g,,J2R,, 
g,>>g, and g,>>g,o. This  means  that  the  efect of the  gate 
noise  at  intermediate  frequencies a n  be considerably re- 
duced by  designing devices with  a low noise  resistance R,, 
and  a low capacitance Cg8. I n  addition  it is seen that 
(Fmin’ - 1) is approximately  proportional  to  the fre- 
quency. 

As a  numerical  example  take R, = 2000 ohms, C,, = 50 
ppf and F(z) =0.3,  a  value  expected  for zero gate bias. 
Eq. (50) then gives g , . ~ 6 X l O - j  mhos  and (51) gives 
that  Fmin’=1.7;  the  latter  value is considerably larger 
than  the  minimum low frequency  value of F.’ 

V. CONCLUSIONS 

The  approximation  method  outlined in Section  I  and 
worked  out in detail in Section I11 thus  allows  one  to 
calculate  the noise performance  of the field effect tran- 
sistor at  intermediate frequencies. The  calculation ig- 

and  hence 

Carrying  out  the  differentiation yields 

- 
nares the effect of the series resistances r ,  and rd at  the 
source  and  the  drain side of the  channel, respectively. 
The  author  intends  to deal  with this  problem in a  later 
paper.  where 

2p0aL  2p0aL 

w o o  w o o  
C,, = __ f d y ,  2); C g d  = ---fdy, z) (57) 

[-3(y3/2 - 23’2) +$(y’ - 22)](1 - y’/2) + f1(y, z ) ( y ’ / 2  - y )  

[fl(Y, Z ) l 2  
f d Y ,  2) = (57b) 

APPENDIX For zero drain bias ( y = z )  one  finds  from de 1’Hopital’s 

FIELD-EFFECT TRANSISTOR CAPACITANCES rule 

The  space  charge regions  between x and (x+&) con- 
tain  a  charge 

1 

4 Z ’ / 2  
f d z ,  2) = f3(Z,  z) = - 

dQ = 2 p 4 a  - b)dx  = 2poa ( 2 ) l i 2 d r .  (52) which goes to  infinity for  zero gate bias (z=O),  as ex- 
pected,  and  equals t for complete cutoff ( z  = 1 ) .  

The  total  charge Q per unit  width is therefore For saturation ( y  = I), 

so that  f2(1,0) = j  and  fz=(l , l)  =+. 
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