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XN | INTRODUCTION

When radar systems are discussed in the literature or the remainder of this text, it is in
the context of a sensor providing observations of the environment. While some of those
measurements are responses from coherent waveforms of finite duration, the environment
is treated as stationary with at most linear motion on the targets. Target tracking addresses
the integration of measurements into a longer-term picture as illustrated in Figure 19-1.
Target tracking is separated into two parts: track filtering and measurement-to-track data
association.

Track filtering is the process of estimating the trajectory (i.e., position, velocity, and
possibly acceleration) of a track from measurements (e.g., range, bearing, and elevation)
that have been assigned to that track. As shown in Figure 19-1, a trajectory estimate always
has an associated uncertainty that is characterized by the covariance of the estimate. The
position and velocity estimates are used to predict the next measurement and, in the case
of an electronically scanned (or phased array) radar, the position of the beam for the next
measurement as illustrated in Figure 19-2.

Measurement-to-track data association (or data association) is the process of assigning
a measurement to an existing track or as a detection of a newly found target or false signal.
In Figure 19-2, three measurements (or threshold exceedances) occur in the dwell. Two
measurements fall in the validation region (or gate) for the predicted measurement of
the track, while the third measurement falls outside the validation region. Typically, the
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FIGURE 19-1 =
Tracking and
prediction for a
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FIGURE 19-2 =
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new measurements
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measurement in the validation region that is closest to the predicted measurement is used
to update the estimates of position and velocity of the track, while the second measurement
in the validation gate and the measurement outside the validation region are considered to
be false measurement or used to initiate a new tentative track.

The track filtering and measurement-to-track association is further complicated by tar-
get maneuvers, closely spaced targets, and limited resolution of the radar. In Figure 19-2, a
target maneuver could have easily switched the roles of the three measurements in the
assignment. In this case, the measurement outside the validation gate is likely the target-
originated measurement, while the measurements inside the gate are false alarms. Thus,
validation gates that account for target maneuvers are critical. Figure 19-3 shows measure-
ments that further illustrate the tracking and data association problems in a multitarget
environment. Two fighters are shown to be entering into formation. The data associa-
tion problem is complicated by the overlap in the uncertainty in the predicted positions
of the two fighters at the measurement time. The track of Fighter 1 has two possible
measurements, while the track of Fighter 2 has one possible measurement. Also, one of
the measurements could represent a new target that is not currently under track. In the
measurement-to-track assignment problem, the measurement in both gates of the pre-
dicted positions of the two targets could be a merged measurement of the two aircraft
or a resolved measurement of one of the two aircraft. If this measurement is assigned
as a resolved measurement to the track on Fighter 1, a misdetection of Fighter 2 will be
declared. On the other hand, if the measurement is assigned as a resolved measurement to
Fighter 2, the other measurement will be assigned to Fighter 1. From the actual trajecto-
ries in Figure 19-3, the correct measurement-to-track assignment is the assignment of the
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measurement in both validation gates to both aircraft as a merged measurement and the
other possible measurement as a false alarm. If that merged measurement is assigned to
Fighter 2 and the other measurement is assigned to Fighter 1, Fighter 1 will not be found
near the predicted position in the following radar dwells and the track of Fighter 1 is likely
to be lost. Various approaches to data association are given in [1,2].

In much of the literature on radar systems, target tracking is viewed from a single
signal or single target perspective in that a single signal is selected by time of arrival
or frequency, and an error signal is generated for tracking. For example, in [3] range
tracking is achieved with early and late gates, and the difference in the signal amplitudes
in the two gates are used to adjust the range estimate. For a radar system to perform
multiple target tracking (MTT), the data processing must be treated differently. The role
of the target tracking in a MTT radar is illustrated in Figure 19-4. The most significant
differences with the view of [3] is the presence of the measurement-to-track assignment
and track management functions in which multiple measurements are considered for the
assignment to multiple tracks.

Targets, clutter, and electronic countermeasurements (ECMs) from the environment
and false alarms from the receiver noise can cause tracks to be formed in the radar sys-
tem. In target tracking, track denotes the position and velocity estimate that represents
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something perceived to be in the environment, while target or truth object denotes some-
thing actually in the environment that should be tracked by the radar. Tracks are based
solely on data collected by the radar, and the number of tracks held by a radar system
can be larger (extra) or smaller (missed) than the number of targets. Ideally, the number
of tracks will equal the number of targets. Clutter rejection techniques such as Doppler
processing are used to reduce the clutter in a radar system. The radar returns are also
monitored to detect the presence of ECM, and special processing is employed to minimize
the number of false tracks introduced.

In the detection processing, signal amplitude and short time signal correlations are ex-
amined to reduce the number of false alarms and clutter detections reported to the tracker.
Higher detection thresholds for a given signal-to-noise ratio (SNR) are used to the reduce
the effects of false alarms. However, the higher detection thresholds also reduce the prob-
ability of detecting the true target. Constant false alarm processing (CFAR) is a classical
approach to limiting the number of false detections. In CFAR processing, the detection
threshold for a range cell or matched filter output is adjusted to reflect the noise level
of the nearby range cells. Special processing can also be employed to prevent the declara-
tion of threshold exceedances due to range sidelobes as detections of targets. Space-time
adaptive processing (STAP) or Doppler processing can be employed to reduce the effects
of clutter.

In the parameter estimation, estimates of the range, angle of arrival, and possibly
range rate are produced for all of the detections and provided as measurements to the
measurement-to-track association function and track filter. In the measurement-to-track
association, measurements are assigned to existing tracks, and unassigned measurements
are declared as a false alarms or new targets. Tracks that are not assigned a measurement
are declared as missed. A track miss does not necessarily imply a missed detection,
because a measurement from the target associated with the track could have been assigned
incorrectly to a different track or the measurement could have failed the gating test with
the correct track. Measurements that are assigned to existing tracks are provided to the
track filter for updating the estimates of position and velocity. Unassigned measurements
are considered with other unassigned measurements at different times for initiation of
new tracks. Track misses are monitored for deleting a track or declaring a it as lost. The
track management function monitors the number of measurements assigned to a track and
declares the maturity of the track as a tentative or firm. It also monitors track misses and
declares a track as lost for removal from the list of confirmed tracks. The control function
monitors the list of tentative and firm tracks and clutter along with the track accuracies to
schedules the timing and waveform for radar dwells.

As illustrated in Figure 19-5, tracking targets can be viewed as four functional areas:
detection, resolution, association, and filtering. As shown in the upper left corner of Fig-
ure 19-5, detection is the first step in tracking a target. Detection of target echoes occurs in
the presence of false alarms and clutter. The detection threshold that sets the false alarm
rate and probability of detection also sets the performance limits of the tracker. Clutter is
often countered with Doppler processing for clutter rejection, a clutter map, or tracking of
moving clutter. As indicated in Figure 19-5, the second step of tracking targets is resolving
the signals of closely spaced objects or nearby clutter into separate/isolated measurements.
In radar systems, closely spaced targets are typically resolved in either range, angle, or
range rate. Radars tend to be very effective in resolving closely spaced objects in range
with waveforms of wider bandwidths and resolving targets from background clutter with
Doppler processing. The third step of tracking targets is assigning measurements to tracks.
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FIGURE 19-5 = Functional tracking components begin with detections and end with track
filtering before the process repeats.

This involves assigning measurements to existing tracks, initiating new tracks, and delet-
ing tracks that are not perceived to represent a truth object. As shown in Figure 19-5,
the fourth step involves the track filtering to estimate the position, velocity, and possibly
acceleration of the target. The performance of the track filter is often analyzed under ideal
conditions and the performance is found to be below expectations when tested in the
field.

This chapter addresses the fundamentals of tracking a single target with a radar, while
the advanced topics associated with tracking multiple targets are addressed in [4]. The ba-
sics of kinematic state estimation (or track filtering) are discussed in Section 19.2. The
section discusses the parametric and stochastic state estimation approaches to track filter-
ing and addresses the use of least squares estimation, Kalman filtering, alpha-beta filters,
and the interacting multiple model (IMM) estimator for tracking maneuvering targets. The
kinematic models commonly used in track filtering are reviewed in Section 19.3, while
the measurement models are discussed in Section 19.4. The application of the estimation
methods discussed in Section 19.2 to the models presented in Sections 19.3 and 19.4 are
discussed in Section 19.5. Measurement-to-track data association for a single target in the
presence of false signals is discussed in Section 19.6, where the topics include measure-
ment validation and gating, strongest neighbor tracking, nearest neighbor tracking, and
the probabilistic data association filter (PDAF). In Section 19.7, performance assessment
of track filtering algorithms is discussed. Key results and suggestions for further reading
are provided in Section 19.8.



19.2 | Basics of Track Filtering

71 | BASICS OF TRACK FILTERING

Given the decision to assign a measurement to a particular track, an update to the kinematic
state estimate is performed for the track with that measurement. For most radar systems,
the target motion is modeled in Cartesian coordinates, while radar measurements are
typically in polar or spherical coordinates. For this basic treatment of track filtering, the
kinematic state of the target will be represented in a single Cartesian coordinate, and the
radar measurement will be treated as a linear observation of that kinematic state.

Let X denote the kinematic state vector at time f;, and Z; denote the measurement at
time #. The state estimate for #; given measurements through ¢; is denoted by Xy,;. Thus,
when the state vector has a single subscript, it denotes a truth or modeled value, and when
it has two subscripts, it represents an estimate. The state estimate X, is referred to as the
filtered state estimate, while X,_; is referred to as the one-step prediction of the state.
The estimate X4+ is referred to as the one-step smoothed estimate.

Track filtering algorithms typically fall into one of two groups. The first group uses a
parametric estimation approach that presumes a perfect model for the target motion and
the time period over which the model is applied is limited to prevent distortion of the
data. In this approach, the covariance of the state estimate (or track) will approach zero as
more data are processed. As the covariance of the track error approaches zero, the gain for
processing new data will approach zero. When this processing gain reaches a very small
number, all future data will be essentially ignored. Thus, since all motion models are
imperfect in practice, the time period for which the perfect model is applied is limited to
alleviate the distortion that results when new data are ignored. Least squares or maximum
likelihood (ML) estimation are examples of the parametric approach to track filtering.

The second group uses a stochastic state estimation approach that presumes an im-
perfect model for the target motion. In this approach, the target motion model includes
a random process, and a perfect estimate of the kinematic state is not possible. In other
words, the covariance of the track does not approach zero as the window of data expands.
As the model is applied over an expanding window of measurements, the covariance of
the track settles to a stable, slowing changing value. If the measurement rate is fixed
and the data quality is uniform, the filter will achieve ‘“‘steady-state” conditions in which
the covariance is the same value after each measurement update. The Kalman filter and
alpha-beta filter are examples of the the stochastic state estimation approach.

One of the most critical items of a tracking system that supports any automatic decision
system is track filter consistency. A track filter is considered to be consistent if the following
three criteria are satisfied [5]:

1. The state errors should be acceptable as zero mean and have magnitudes commen-
surate with the state covariance as yielded by the filter.

2. The innovations (i.e., residuals or difference between the measurement and pre-
dicted measurement) should be acceptable as zero mean and have magnitudes
commensurate with the innovation covariance as yielded by the filter.

3. The innovations should be acceptable as a white error process.

In other words, a track filter that is consistent produces a state error covariance that
accurately represents the errors in the state estimate. Thus, track filter consistency is critical
for effective fusion of data from multiple sensors with diverse accuracies. Maneuvering
targets pose a particularly difficult challenge to achieving track filter consistency. In fact, [6]
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includes an illustrative example that shows that more data does not necessary mean better
estimates when a Kalman filter is used to track a maneuvering target. Using a Kalman
filter to track a maneuvering target will not provide reliable tracking performance because
the loss of track filter consistency prevents reliable decision making for simultaneously
adapting the filter parameters and performing data association.

In this section, parametric and stochastic state approaches are discussed in further
detail.

19.2.1 Parametric Estimation

For a typical parametric approach, the dynamical motion and measurement equations for
tracking a target are given by

X1 =F Xy
Zi =H X +wi

(19.1)
(19.2)

where X is the state vector for the target at time #;, F; defines the kinematic motion
constraint between between time #; and time #;,1, Z; is the sensor measurement vector at
time #;, Hy, is the output matrix that relates the kinematic state to the measurement, and wy,
is the sensor measurement error that is considered to be a zero-mean, Gaussian random
variable with covariance Ry, denoted w;, ~ N(0, Ry).

Figure 19-6 gives the position of a target trajectory in a single coordinate versus time
and measurements for times #; through #9. Figure 19-6 also includes an illustration of a
parametric estimate based on constant velocity motion for the target. Note that the slope of
the line illustrating the velocity estimate is constant indicating a velocity estimate that is
fixed for all time #;. The constant velocity estimate of the trajectory poorly represents the
true trajectory near s and to. If these errors are acceptable for the application of interest,
the parametric estimator based on constant velocity is an acceptable solution. However,
if the time expands beyond to, it is likely to become unacceptable.
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Often, the first response to a constant velocity estimator that gives unacceptable perfor-
mance is to use a higher order estimator (e.g., constant acceleration estimator). Figure 19-6
includes an illustration of a parametric estimate based on constant acceleration motion
for the target. The constant acceleration estimator gives smaller errors than the constant
velocity estimator near 5 and t9. However, estimating an additional parameter in this
case results in estimates of position and velocity with higher variances. Furthermore, as
the final time expands beyond 79, the constant acceleration estimate is likely to become
unacceptable.

In the application of parametric estimators, the period of time for application of the
“perfect model” (i.e., the memory of the estimator) is limited to reduce the mismatch
between the true trajectory and the assumed model. Figure 19-7 illustrates the application
of the constant velocity estimator with a memory of five measurements. The state estimate
for each time is computed from the data in a window of five measurements prior to
and including the time of the estimate. This estimator is often referred to as a sliding
window estimator. Note that the estimates based on fewer measurements will have a
higher variance, but the distortions of the underlying true trajectory will be less.

Using (19.1) and (19.2), the measurement at 7y can be rewritten as

ZN =HNXN +wy =HkFN_1FN_2...F1X1 + wy (193)

Given N measurements between #; and ¢y, an augmented measurement equation can be
written in terms of X as

VA H, w1
Zz H2F1 wr
Zy_y Hy Fy oFy3...F WN_1|

ZN HNFN—IFN—Z-”FI WnN
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In this case, E{Wy} = 0, and

H,
H,F,
Ay = : (19.5)
Hy_ 1Fy 2Fy_3...F
HyFy_Fy_,...F;

R, 0 ... 0
Ry=p{Wywiy=|" R o (19.6)
0 ... 0 Ry

In this case, Ry is a block diagonal matrix because the measurement errors between any
two times are assumed to be zero mean and independent. When the errors are correlated
across time, the off-diagonal elements of the matrix are nonzero. The minimum mean
squared error (MMSE) for Gaussian errors or weighted least squares estimate (LSE) [7]
of X| given measurements from #; to 7y is given by

Xy = (ALRy'Hy) 'HLRS'ZY (19.7)

and the covariance of the estimate is given by

Py = (AR Hy) ™ (19.8)

Note that the covariance will reflect only the actual errors in the state estimate to the
degree that the kinematic model (19.1) is accurate and the measurement errors are zero-
mean Gaussian with covariance Ry. The X v and Pyjy are smoothed estimates. For a
state estimate and covariance at time ¢, | < t; < ty,

leN =Fj_1...F1X1|N (199)
Py =F;_ .. .FiPyFl . F|_ (19.10)

In this case, X jy is an MMSE estimate of X ;. For the Gaussian errors, X ;v is also the
ML estimate of X ;.

For the parametric approach, constant velocity and constant acceleration are the two
most common assumptions for the motion of the target. Thus, constant velocity filtering
and constant acceleration filtering are discussed here.

19.2.1.1 Constant Velocity Filtering

Let x; denote the position of the x coordinate of the target at time #; and x; denote the
velocity of the x coordinate of the target at time #;. For a target moving with a constant
velocity, the kinematic state at time #;, | in terms of the state at time #; is given by

X1 = X + (1 — B Xk (19.11)
Xk+1 = Xk (19.12)
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This evolution of the target state can be written as

x| (D G ) | x|
o ) A IS T
For a measurement of the position of the target at #,

Zi=xi+wi=[1 0] [fc’j Twp = H X + wy (19.14)
where w is a scalar Gaussian random variable with variance 62, and Hy = [1 0]".In
this case, (19.5) and (19.6) are given by

1 0
1 hHh—1
Hy = |: : (19.15)
I tvo1—1
1 INn — 1
(62, 0 ... O
_ 0 o2, ... 0
Ry=| . _ ) (19.16)
L 0 0 Ton

Thus, Hy and Ry have rather simple forms that can be easily manipulated. For N mea-

2 2

surements with uniform sampling in time with period 7" and equal variances o,;, = o,

1 0
Hy=|": i (19.17)
1 (N-2T
1 (N-1T
Ry =021y (19.18)

where Iy is an N dimensional identity matrix. For this case, the smoothed state estimate
and covariance for #; are given by

r N
X > QN +2-36Z
Xin=—— k=1 19.19
YN+ 7N2k N-1Z ( )
_(N_I)Tg —N-DZ
r 3
5 2N —1 —=
Py = 2w T (19.20)
L T (N-DT?
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The filtered state estimate and covariance for ¢y are given by

r N
. > Gk—N-1Zz

Yo — k=1 19.21

(N - DT & g

,  |an—1 £l
Pyy = — 200 T (19.22)
NIN N(N + 1) i 6 .
. T (N—DT?

Comparing the equations for the velocity estimates in (19.19) and (19.21) shows that they
are identical for both times. However, the position estimates are different. A comparison
of the expressions for the elements of the covariances in (19.20) and (19.22) shows that
they are almost identical. The variances of the position and velocity estimates are identical.
However, the covariance in the (1,2) or (2,1) elements of (19.20) for the smoothed position
and velocity estimates in (19.19) is negative, while the covariance in the (1,2) or (2,1)
elements of (19.22) for the filtered position and velocity estimates in (19.21) is positive.
A scalar coordinate of the trajectory of a maneuvering target is given in Figure 19-8
along with 120 measurements at integer times. The measurement errors have a standard
deviation of 120 m. The trajectory starts at f, seconds with a initial position of xp = 150 m
and initial velocity of xo = —20 m/s and it moves with constant velocity until = 20 s.
From ¢ = 20 until + = 30 s, the target maneuvers with acceleration of ¥ = 10 m/s>.
From ¢t = 30 until + = 70 s, the target moves with constant velocity motion. Then, the
target maneuvers with acceleration of ¥ = —10 m/s?> from ¢ = 70 until # = 80 s. Then,
the target moves with constant velocity motion until # = 120 s. A constant velocity (CV)
estimate based on all 120 measurements is also given in Figure 19-8. Note that the position
estimates make a perfectly straight line and the velocity estimate (i.e., the slope of the line)
is a constant for all time. The position estimates poorly match the true position near times
of 0, 25, 75, and 120 s. On the other hand, the position estimates closely match the true
position near times of 10, 50, and 90 s. The velocity estimates poorly match the true velocity
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FIGURE 19-8 = Trajectory with measurements and the average constant velocity (CV)
estimate. (a) Position. (b) Velocity.
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FIGURE 19-9 = Average CV position (a) and velocity (b) estimates with true values for
memory of 10, 20, and 40 measurements.

at all times except those times near 25 and 75 s. The errors in the CV estimates will grow
as the target maneuvers and continues to move beyond r = 120 s with a constant velocity.
Thus, the number of measurements M (or memory) of the estimator must be limited.

If the distortions of the trajectory that are present in the estimates are unacceptable,
the memory is limited to reduce the distortion or model mismatch. The averages of the CV
estimates with memory of M = 10, 20, and 40 measurements over 2,000 Monte Carlo
runs are shown in Figure 19-9. The first M measurements are used to initialize the tracking
and the estimate at #, = r);_1 is a filtered estimate, while all of the estimates for ¢, < 374
are smoothed estimates. For #; > 1),_, the CV estimates are filtered estimates based on the
current and M — 1 previous measurements. In other words, the velocity estimate for the CV
estimator with M = 40 is the same for 0 < 7, < 39 s, and it will change value atf, = 40s.
Note that the distortion or error in the position and velocity estimates as the maneuvers
increase as M increases. For M = 10, distortion in the estimates is very little, while the
distortion for M = 40 is large for the first 40 s and near 85 s. The root mean squared
error (RMSE) of the CV estimator with M = 10, 20, and 40 measurements is given in
Figure 19-10. Note that the smallest values of RMSE are achieved by the CV estimator with
M = 40 after the maneuver has been expunged from the memory of the filter (i.e., t = 70
and 115 s). Also, note that the values of the RMSE of the CV estimator with M = 10 are the
largest at those times. However, the values of RMSE of the CV estimator with M = 10 are
the smallest during the maneuvers. Thus, the implementation or design of the CV estimator
involves selecting the memory that best meets the requirements of the application.

A key aspect of a track filter is the accuracy of the covariance estimate. Generation of
an accurate covariance is a challenge for maneuvering targets because most all estimation
algorithms poorly model the acceleration and the uncertainty in the presence or absence of
amaneuver. The accuracy of the covariance is measured through the normalized estimation
error squared at time #; given measurements through #; by

Crij = (Xnj — Xk)TPk_\}(Xku - Xy) (19.23)

For Gaussian errors in the state estimate with respect to the true state X; and an accurate
covariance Py;, Cy; is chi-square distributed [7] with n degrees of freedom, where n
is the size of the state vector. The average normalized estimation error squared (NEES)
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FIGURE 19-10 = RMSE of CV estimates with memory of 10, 20, and 40 measurements.
(a) Position RMSE. (b) Velocity RMSE.
for the CV estimator with M = 10, 20, and 40 and 2,000 Monte Carlo runs is shown in
Figure 19-11. For a single sample of the NEES for the CV estimate, it should be chi-square
distributed with two degrees of freedom. The average value for Cy; should be two, and the
chi-square tables in [7] give the 95% containment region for the NEES as 0.54 < Cy <
7.38. According, in Figure 19-11, the average NEES of all three CV estimators closely
matches two when the maneuver has been expunged from it memory. When more than a few
seconds of target maneuver are included in the memory of the CV estimator, the average
NEES is greater than 7.38 and falls outside the 95% confidence region for a two degree
of freedom chi-square random variable. Thus, the presence of the maneuver significantly
degrades the quality of the covariance estimate, and the quality degrades as M grows.
19.2.1.2 Constant Acceleration Filtering
Let X; denote the acceleration of the x coordinate of the target at time #;. For a target
moving with a constant acceleration, the kinematic state at time #;; given in terms of the
state at time #; is given by |
X1 = X + (kg1 — )Xk + E(tk—H — ) K (19.24)
X1 = Xk + (g1 — 1o)X (19.25)
Xkp1 = Xy (19.26)
FIGURE 19-11 = 10! ~
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This evolution of the target state can be written as

X1 1 (1 — 1) 3t — 107 [x
Xiv1= | X1 | = |0 1 (k1 — 1) x| =FeXy (19.27)
X1 0 0 1 Xk

For measurements of the position of the target at #,

Xk
Zkzxk—i-wk:[l 0 0} Xp | +wr =H X + wy (19.28)
X

where wy is a scalar Gaussian random variable with variance 0.2, . In this case, the smoothed
estimate Xy is given by (19.7) and (19.8) with Zi\' given by (19.4), and Ry and Hy are
given by

M1 0 0
1 nh-—n 31— 1)?
Hy = |: : : (19.29)
1 otvoi—t Aayor —10)?
Ll itv—1 Ty —1)?
(62, 0 ... 0
0 o2 0
Rv=| . . . (19.30)
L 0 Ton

2

For N measurements with uniform sampling with period 7" and equal variances U»% L =00

1 0 0
1 T iT?
Hy=|: : : (19.31)
1 (N=2T I(N-2)°T?
1 (N-DT J(N-1>T?
Ry =o’ly (19.32)

The estimate of the filtered state estimate and covariance are expressed in a form similar
to (19.21) and (19.22) in [7]. However, the covariance is a 3 x 3 matrix and the variances
of position and velocity are larger for a given N than in the case of the constant velocity
estimator.

A constant acceleration estimate based on all 120 measurements could be envisioned
for Figure 19-8. Note that the position estimates would form a perfectly quadratic line,
the velocity would change linearly, and the acceleration estimate would be a constant for
all time. The position and velocity estimates would poorly match the true values at one
of the two ends of the trajectory. Thus, the number of measurements (or memory) of the
estimator would have to be limited in order ensure reasonable performance.
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19.2.2 Stochastic State Estimation

For stochastic state estimation, measurements are defined by (19.2) and the dynamical
motion model is given by

X1 = Fie Xy + Gyog (19.33)
where
v, = error in the system processes at time 7 with v, ~ N(0, Q).
G = relates the system errors to the target state at time #.

For a nearly constant velocity motion model, the state vector of the target in a scalar
coordinate is given by

Xe=[x ] (19.34)

where x; represents the position of the target at time #;, and x; represents the velocity of the
target. Process noise is included to account for the uncertainty associated with unknown
maneuvers and unmodeled dynamics of the target under track. Since the evolution of the
state includes a stochastic process, the state estimates are a stochastic process, and the
covariance of the estimate will not achieve zero and grow in the absence of measurements.

The Kalman filter gives the MMSE and minimum variance estimate of the stochastic
state X. Since the random processes v, and wy are additive Gaussian and the Kalman
filter is a linear filter, the state estimation error of the Kalman filter will be Gaussian.
Thus, only the mean and covariance are needed to fully characterize the state estimation
error. The Kalman filter is a predictor-corrector algorithm with the predictor accounting
for changes in time and the corrector accounting for the measurement processing. The
Kalman algorithm is defined by the following equations, where Xy ; denotes the state
estimate at #; given measurements through #;, and Py; denotes the state error covariance
at f; given measurements through ¢;:

Prediction of the state estimate and covariance to the next time:

Xip—1 = Fro1 Xi—ijp—1 (19.35)
P = Fi i Prip i FL | + G Qi1 G (19.36)

Update of the state estimate and covariance with the measurement:

Xk = Xip—1 + K[ Zp — Wi X 1] = X1 + K Z; (19.37)
Pri = [1 — KiHi | Pyp— (19.38)
Ki = Py H S} (19.39)
St = HiPe HY + Ry (19.40)

where K is referred to as the Kalman filter gain, Z « denotes the filter residual vector, and
the Sy is the covariance of the measurement residual.

The processing of the Kalman filter for nearly constant velocity filtering is illustrated
in Figure 19-12. The state estimate at time ¢, is predicted with constant velocity motion
to #,. The predicted state estimate X is then updated with measurement Z, to produce
the filtered state estimate Xp. The filtered state estimate is an optimal weighting of
the predicted measurement and the measurement. The filtered state estimate will tend to
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“favor” the one with the smaller covariance. Note that the filtered state estimate lies on
a line connecting the measurement and the position of the predicted measurement. This
filter step is repeated for each measurement. Note that the velocity estimates (i.e., the
slope of the prediction lines) are not constant over the window of data. In fact, it changes
after every measurement update. The higher the process noise covariance is set, the more
the velocity will change between measurement updates. For example, tracking a highly
maneuvering air target will involve a large covariance for the process noise acceleration
and the velocity estimate will make large changes between updates. For tracking ballistic
targets above the atmosphere, the process noise covariance will be smaller and the velocity
estimate will change much more slowly over time.

An alternate depiction of the processing of the Kalman filter is shown in Figure 19-13
as a predictor-corrector algorithm. The filter process is recursive. It starts with the initial
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FIGURE 19-12 =
Kalman filter
process performs
track filtering by
correcting the
predicted state with
measurements.

FIGURE 19-13 =
Kalman filter is a
predictor-corrector
algorithm.
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state estimate X ;_1x—; and covariance Py_;_ at time #;_;. The filtered state estimate and
covariance are predicted to the time of the measurement #; to obtain X x—; and Pyx—;. The
predicted measurement and its covariance are then computed to complete the predictor.
The measurement and its covariance are then used to compute the measurement residual
and its covariance. Then the Kalman gain is computed and the predicted state is updated
with the measurement residual and the Kalman gain to form the new filtered state estimate
Xy k. The predicted covariance is updated with the Kalman gain to form the new filtered
covariance Py ;. The new filtered state estimate X, and covariance Py, are then retained
until the next filter cycle in which they become the new initial state estimate and covariance.

Nearly constant velocity and nearly constant acceleration are the most commonly used
motion models [2,7]. The choice of a model is governed by the maximum acceleration
of the target, the quality of the sensor measurements, and the measurement rate. Since
no algorithm exists for predicting the best model, experience in the design process and
Monte Carlo simulations are typically used to assess the best model for a tracking system.
If the quality of the measurements and the measurement rate are not sufficient to estimate
acceleration during a maneuver, models that do not include acceleration in the target
state will be the better models. For example, if only two or three measurements are taken
during maneuvers, accurate estimation of the acceleration will not be possible and the
acceleration should not be included in the target state. If the quality of the measurements
and the measurement rate allow for estimation of the acceleration during a maneuver and
the bias in the position estimates of the nearly constant velocity filter during the maximum
acceleration of the target [8] is larger than the measurement errors, then acceleration should
be included the target state.

Process noise is included to account for the uncertainty associated with the unknown
maneuvers of the target. The process noise for nearly constant velocity motion is typically
treated as discrete white noise acceleration (DWNA) errors or discretized continuous-
time white noise acceleration (CWNA) [7]. Nearly constant velocity filtering with the
two different models for process noise and two different models for measurements is dis-
cussed in the next three sections. The measurement models reflect standard radar measure-
ments of position with linear frequency modulation (LFM) waveforms and fixed frequency
waveforms. Nearly constant acceleration tracking and multiple model tracking for highly
maneuvering targets are addressed to complete this section on stochastic state estimation.

19.2.2.1 Nearly Constant Velocity Filtering with DWNA

Nearly constant velocity motion with DWNA in a single coordinate is given by (19.33)
with

X =[x &l (19.41)

F, = é 51" (19.42)
- 8]%

G.=|? (19.43)
Ok

Qi = a_fk (19.44)

where §;, = 1, — t,—;. The v, is a white noise acceleration error that is constant or fixed
between #; and #;_; in the state process with v, ~ N(O, ovzk). For the nearly constant
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velocity motion model, the process noise covariance matrix for DWNA is given by

8 8
G.0.GT =2 . 19.45
1k Ok k= Ouk 5 (19.45)
8‘
3 #

The o is the design parameter for the nearly constant velocity (NCV) filter with DWNA
errors. Typically, the filter design process begins by setting o, greater than one half of the
maximum acceleration of the target and less than the maximum acceleration, and Monte
Carlo simulations are conducted to further refine the selection of o, . Further guidelines on
the selection of o, are developed in [9] and summarized next. Typically, the measurements
are the position of the target. In this case, the measurement equation of (19.2) is defined by

H,=[1 0] (19.46)

When the error processes v, and wy, are stationary (i.e., zero mean and constant vari-
ances) and the data rate is constant, the Kalman filter will achieve steady-state conditions
in which the filtered state covariance and Kalman gain are constant. While these conditions
are seldom satisfied in practice, the steady-state form of the filter can be used to predict
average or expected tracking performance. The design and performance of the filter is
characterized by the maneuver index or random tracking index

r = = 19.47
where 0, = oy, 0,y = Ok, and T = 1, — t;_ for all k. Under steady-state conditions, the
NCYV Kalman filter is equivalent to an alpha-beta filter. For the alpha-beta filter, the steady-
state gains that occur after the transients associated with filter initialization diminish are
given by

Ki=[a £] (19.48)

where o and § are the optimal gains for DWNA given in [7,10]. The alpha-beta filter is
rather simple and computationally efficient to implement because online real-time calcu-
lation of neither the state covariance nor gain is needed. The alpha-beta filter for a scalar
coordinate is given by

Xkje—1 = Xk—1jk—1 + TXp_1x—1 (19.49)
Xkj—1 = Xk—1jk—1 (19.50)
Xk = Xifk—1 + o[ Zg — Xppp—1] (19.51)
Xk = Xgp—1 + ?[Zk — Xplk—1] (19.52)
The steady-state error covariance of the alpha-beta filter is given by

B

“ T
Py =0, 19.53
B Oy, é BQRa — B) ( )

T 20 —a)T?
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FIGURE 19-14 =

« and B gains versus
random tracking
index for DWNA and
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Given the maneuver or tracking index, the steady-state filter gains are specified according to

1 1
‘= _gréwm — Powna + §(FDWNA +4) \/FLZ)WNA + 8L pwia (19.54)

1 1
B = ZF%WNA + Fpwana — ZFDWNA \/I—%WNA + 8L pwa (19.55)

Figure 19-14 gives the gains versus the random tracking index, and also includes the cor-
responding CWNA case to be discussed in Section 19.2.2.3. Note that o approaches 1 and
B approaches 2 for large values of the random tracking index. An additional relationship
between « and B8 for DWNA [7,10] is given by

B=22—a)—4/T—a (19.56)

While the alpha-beta filter can be implemented efficiently for steady-state conditions,
poor tracking will be experienced if the steady-state gains are used for the settling of
the alpha-beta filter from track initiation to steady state. Least squares techniques can be
used to develop an effective gain scheduling method. Given k = O for the first measure-
ment, the alpha and beta gains can be scheduled as a function of the measurement number
according to

22k + 1) }
o =maxy ———————, « 19.57
‘ {(k+1><k+2> * (1557
6
=maxy ——, 19.58
B {(k+ Dk +2) ﬂss} ( )
where xg—; = 0, and xp—; = 0, and ags and Bgs are the steady-state values for o

and B, respectively. Using these gains through N measurements gives a parametric least
squares estimate of the position and velocity for constant velocity filtering for the first N
measurements.

When a target undergoes a deterministic maneuver (i.e., a constant acceleration ma-
neuver), the estimates are biased and the covariance matrix tends to be a biased estimate
of track filter performance. When a target undergoes no maneuver (i.e., zero acceleration),
the covariance matrix tends to also be a biased estimate of track filter performance, because
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process noise is included in the filter for maneuver response, when there is no maneuver.
Thus, to address both conditions of the performance prediction, the MSE can be written
in terms of a sensor-noise only (SNO) covariance for no maneuver and a bias or maneuver
lag for the constant acceleration maneuver. Let I, denote the deterministic tracking index
given by

rp= (19.59)

where A, denotes the maximum acceleration of the target. Then the maximum MSE
(MMSE) in the filtered position estimates of the alpha-beta filter can be written as

20 2-3 2
MMSEP = aj{ o« + P2 = 3) +(1—a Z—D] (19.60)
a4 —2a —pB) B?
The MMSE in the velocity estimates can be expressed as
o2 2p2 a—0.58)2
MMSE® = 2% I} 19.61
Bl t () ™ (oeb

For a given value of I'p, a unique o and f minimize (19.60) in conjunction with
(19.56). These « and B define a unique I'pyys given by (19.47) for the given I'p. Let the
random tracking index be expressed in terms of the deterministic tracking index as

Fpwna = k1(T'p)lp (19.62)
Using (19.47) and (19.59) in (19.62) gives
Oy = Kj (FD)Amax (1963)

The «;(I'p) that corresponds to minimizing (19.60) is given versus I'p in Figure 19-15
and denoted by the line labeled “MMSE”. It is given approximately by

k1 (I'p) = 1.67 — 0.74log(I'p) + 0.26[log(I'p)]*>, 0.01 <T'p < 10 (19.64)

Thus, (19.64) along with (19.63) and the maximum acceleration of the target defines
the process noise variance for the NCV Kalman filter so that the MMSE is minimized.
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Using the constraint that the MMSE in the filtered position estimate should not exceed the

measurement error variance gives that MMSE? < o2 or

202+ B2 —3a) (1 —a)?

ad—2a—p) P
For a given value of I'p, unique « and g satisfy (19.65) with equality in conjunction with
(19.56). These o and B are the minimum gains and define the minimum ["pyyy (or oy)

that is related to I'p by k1 (I'p). The x| that defines the minimum o, is given versus I'p in
Figure 19-15 and is denoted by the line labeled “MINIMUM”. It is given approximately by

rs <1 (19.65)

KMM(Cp) = 0.87 — 0.091log(I"p) — 0.02[log(I"p)] (19.66)

Thus, Figure 19-15 shows that the constraint is most always satisfied if the process noise
variance is chosen to minimize the MMSE. For I', < 1.0, Figure 19-15 shows that a wide
range of values for k; satisfy the constraint in (19.65) and the filter designer has freedom
in their selection of o,,.

When designing NCV filters for deterministic maneuvers, the question of the duration
of a typical maneuver arises. Figure 19-16 gives the approximate time period in measure-
ment samples for the maneuver lag to achieve 90% of the steady-state lag in position [11].
Thus, for I'p & 1, the method presented here for selecting the process noise variance is
valid for maneuvers lasting three measurements or longer. For I'p & 0.1, this method for
selecting the process noise variance is valid for maneuvers lasting six measurements or
longer. For targets with maximum maneuvers that are not sustained so that the maximum
bias in the estimate is achieved, an alternate design procedure should be considered.

For illustrating the filter design methodology, consider a target that maneuvers with
40 m/s? of acceleration from 40 to 60 s. The sensor measures the target position at a
1 Hz rate with errors defined by o,, = 120 m. Thus, I'p, = 0.33. Since the maneuver is
sustained for more than four measurements, considering the maximum lag for design is

acceptable. Then, (19.66) gives K{“i“ = 0.91 and 0, = 36.4 as the minimum acceptable
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FIGURE 19-17 = RMSE in state estimates of two NCV filter designs for tracking
maneuvering target. (a) RMSE in position. (b) RMSE in velocity.

value for o,. The design for minimizing MMSE gives «;(0.33) = 2.1 from (19.64) and
o, = 83.3 as the process noise standard deviation that minimizes the MSE. Figure 19-17
shows the RMSE results of Monte Carlo simulations with 2,000 experiments for the two
filter designs. Note that the RMSE in position during the maneuver for k; = 0.91 and
o0, = 36.4 is closely matched to the standard deviation of the measurements of 120 m as
anticipated. Also, note for k; = 2.1 and o, = 83.3, the maximum RMSE in position is
minimized and is only slightly larger than the RMSE in the absence of a maneuver.
Figure 19-18 gives the NEES as defined in (19.23) for the two filter designs. If the
errors in the state estimates are zero-mean Guassian with covariance Py, then the NEES
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is a chi-square random variable with two degrees of freedom. For a two degree of freedom
chi-square random variable, the sample average should be two. In Figure 19-18, the two
dotted lines denote the 95% confidence region for a 200 sample average of a two degree of
freedom chi-square random variable. Thus, results indicate that the covariances for both
filter designs are too large when the target is not maneuvering. For the design withx; = 2.1,
the covariance is also too large during the maneuver. For the design with k; = 0.91, the
covariance is too small during maneuver. Thus, Figure 19-18 illustrates the challenge
with the error covariance that results from modeling deterministic-like maneuvers with a
random acceleration model.

19.2.2.2 Nearly Constant Velocity Tracking with LFM Waveforms

When radars use an LFM waveform, the range measurement is coupled to the range rate-
induced Doppler of the target [12]. For an LFM waveform, DWNA, and fixed track rate,
the system for tracking in the range coordinate is given by (19.41) through (19.46) with
the changes given by

Xe=[r ~]" (19.67)
H =H=[1 Ar] (19.68)

where r; and 7 are the range and range rate of the target, respectively, and At is the
range-Doppler coupling coefficient. The range-Doppler coupling coefficient is defined by

Af = hit

=N
with f] denoting the initial frequency of the transmitted waveform, T denoting the dura-
tion of the transmitted waveform, and f, denoting the final frequency in the waveform
modulation.

As noted in [12] and shown analytically in [13], the range-Doppler coupling of the
waveform affects the tracking accuracy. For example, an up-chirp waveform (i.e., f> >
fi1 or At > 0) gives lower steady-state tracking errors than an equivalent down-chirp
waveform (i.e., f>» < f} or At < 0). The steady-state gains and covariance for tracking
the range and range rate with LFM waveforms are derived in [13].

Figure 19-19 shows that the variances of range and range rate estimates decrease
with increasing At for a given maneuver index I'pyas. The correlation coefficients for
the range and range rate estimates are between 0 and 1. As Ar becomes more positive,
the correlation coefficient for range and range rate goes to zero at higher values of I"pypa.
This means that the range and range rate estimates are less correlated at higher values
of I'pwna. Thus, the accuracy of the predicted measurements will be improved at more
positive At. Thus, o decreases with increasing Az.

(19.69)

19.2.2.3 Nearly Constant Velocity Filtering with CWNA

Nearly constant velocity motion with continuous acceleration errors is described in a scalar

coordinate by
o] _ [0 1][x0] 0]
[X(t)] - [0 0} L’c(r)] + {1} v(r) (19.70)

where D(f) is a continuous time, zero-mean white noise process with E{D(¢)v(7r)} =
Gép(t — t), where E{-} denotes the expected value, §p(-) is the Dirac delta function.



19.2 | Basics of Track Filtering

103 10°
AYT = -1
<] [«5]
Q Q
g g
i
3 3
2 102 g 10
& 0.25 &
5} ()
o0 o0
g / 05 5
= AUT =1 =
10! 10!
107! 10° 10! 107! 10°
Tracking Index Tracking Index
(a) (b)

FIGURE 19-19 = Variances of the range and range rate estimates for tracking with LFM
waveforms versus I"pwwa.

For time-invariant system, g is the power spectral density. The discretized version of the
motion model in a single coordinate is given by (19.33) with

X, =[wm &l (19.71)
(V&) L)}
G, = | VB 2 (19.72)
0 NZT
Qi = [g g} (19.73)

For the nearly constant velocity motion model, the process noise covariance matrix for
CWNA is given by

(19.74)

153 152
207 56

~ | 3% 2%k

GiQG{ =G 1

560 &

where g is the design parameter for the NCV Kalman filter. Typically, the filter design
process begins by setting /g /T greater than one half of the maximum acceleration of the
target and less than the maximum acceleration, where 7 is a nominal sample period. Monte
Carlo simulations are conducted to further refine the selection of g. Further guidelines on
the selection of g are developed in [9] and summarized below. Typically, the measurements
are the position of the target and the measurement equation of (19.2) is defined by (19.46).
When the error processes ¥(¢) and wy are stationary and the data rate is constant, the
Kalman filter will achieve steady-state conditions in which the filtered state covariance
and Kalman gain are constant. The design and performance of the filter is characterized
by the maneuver index
=73 2
- _ _F (19.75)

2
F = — =
CWNA O'v% 1

—

where 0,, = oy, and T = t; — t;— for all k. Under steady-state conditions, the NCV
filter is equivalent to an alpha-beta filter, where « and B are the optimal gains for CWNA

737

10!



738

CHAPTER 19 | Radar Tracking Algorithms

model given in [7]. The steady-state error covariance of the alpha-beta filter is given as a
function of o and B by (19.53). Given the random tracking index, the steady-filter gains
are specified by

1 1 4

= — 19.76
“=3t et (19.76)
12 (19.77)
o= ——— .
6(u + u) +1
12
ﬂ:—ﬁ (19.78)
6(u+ Ju)+1

Figure 19-14 gives the gains versus the random tracking index. Note that o approaches
1 and B approaches 1.3 for large values of the random tracking index. An additional
relationship between « and g [7] is given by

B=32—a)— 3> —12a +12) (19.79)

While the alpha-beta filter can be implemented efficiently for steady-state conditions,
poor tracking will be experienced if the steady-state gains are used for the settling of the
alpha-beta filter from track initiation to steady-state. The filter initialization and settling
can be accomplished by the gains in (19.57) and (19.58) for the first N measurements.
The MMSE in the filtered position and velocity estimates of the alpha-beta filter are
given by (19.60) and (19.61). For a given value of I, a unique o and 8 minimize (19.60)
in conjunction with (19.79). The « and B define a unique I"cypya for the given I'p. Let the
random tracking index be expressed in terms of the deterministic tracking index as

Lewna = k2(I'p)Ip (19.80)
Using (19.75) and (19.59) in (19.80) gives
g =Ti;(Tp)A; (19.81)

max

where «, that corresponds to minimizing (19.60) is given versus I'p in Figure 19-15 and
denoted by the line labeled with MMSE. It is given approximately by

k2(Tp) = 1.62 — 0.7910g(I"p) + 0.24(log(T'p))?, 0.01 <Tp <10 (19.82)

Thus, (19.82) along with (19.81) and the maximum acceleration of the target defines the
process noise variance for the NCV filter. Using the constraint that the MMSE in the
filtered position estimate should not exceed the measurement error variance gives that
MMSE? < o2 or (19.65). For a given value of I'p, unique « and B satisfy (19.65) with
equality in conjunction with (19.79). These values « and § are the minimum gains and
define the minimum "¢y that is related to I'p by ;. The «; that defines the minimum
[ cwna 1s given versus I'p in Figure 19-15, denoted by the line labeled “MINIMUM,” and
given approximately by

KM p) = 0.87 — 0.11log(T'p) — 0.03[log(T"p)1> (19.83)

Thus, Figure 19-15 shows that the constraint is most always satisfied if the process noise
variance is chosen to minimize the MMSE. For I', < 1.0, Figure 19-15 shows that a
wide range of values for «; satisfy the constraint in (19.65) and the filter designer has
freedom in the selection of ¢,. When designing NCV Kalman filters for deterministic
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maneuvers, the question of duration of a typical maneuver arises. Figure 19-16 gives the
approximate time period in measurement samples for the maneuver lag to achieve 90% of
the steady-state value. For targets with maximum maneuvers that are not sustained such
that the maximum bias in the estimate is attained, an alternate design procedure should be
considered.

19.2.2.4 Nearly Constant Acceleration Filtering

Nearly constant acceleration motion with piecewise constant acceleration errors in a scalar
coordinate is defined by (19.33) with

X =[x u %) (19.84)
1 & 187

Fe=[0 1 & (19.85)
00 I

Ge=[182 & 1] (19.86)

where vy is a discrete Wiener process acceleration (DWPA) error that is constant between
tr and #;_; in the state process with v; ~ N(O, szk) For the nearly constant acceleration
motion model, the process noise covariance matrix for DWPA is given by

IR IEL:
G OiG{ =0y | 188 88 & (19.87)
8 & 1

where o is the design parameter for the nearly constant acceleration (NCA) filter with
DWPA. Typically, the filter design process begins by setting o, greater than one half of the
maximum change in acceleration between #;_; and #; and less than the maximum change in
acceleration. Monte Carlo simulations are conducted to further refine the selection of o.
Typically, the measurements are of the position of the target. In this case, the measurement
equation of (19.2) is defined by

H,=[1 0 0] (19.88)

When the error processes vy and wy, are stationary (i.e., zero mean and constant vari-
ances) and the data rate is constant, the Kalman filter will achieve steady-state conditions
in which the filtered state covariance and Kalman gain are constant. While these conditions
are seldom satisfied in practice, the steady-state form of the filter can be used to predict
average or expected tracking performance. The design and performance of the filter is
characterized by the maneuver index or random tracking index

(19.89)
where o, = oy, 0y, = Ok, and T = 1, — t;_; for all k. Under steady-state conditions, the
NCA filter is equivalent to an alpha-beta-gamma filter. For the alpha-beta-gamma filter,
the steady-state gains that occur after the transients associated with filter initialization
diminish are given by

KkZ[Ol

~N=

I

fE—
~

(19.90)
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where «, 8, and y are the optimal gains for DWPA given in [7,10]. The alpha-beta-gamma
filter is rather simple and computationally efficient to implement because online real-time
calculation of the filtered state covariance and gains is not needed. The alpha-beta-gamma
filter for a scalar coordinate is given by

. T?
Xip—1 = Xk—1jk—1 + T Xp—1k—1 + Txkfukfl (19.91)
Xik—1 = Xk—1je—1 + TXp—1jk—1 (19.92)
Xpke—1 = Xe—1k—1 (19.93)
Xk = Xkjk—1 + o[ Zg — Xppp—1] (19.94)
Xklk = Xkk—1 + g[Zk — Xglk—1] (19.95)
.. . Y
ke = Xip—1 + =5 1Zk — xgp—1] (19.96)

272

where Z; is the measured position of the target. The steady-state error covariance of the
alpha-beta-gamma filter is given in [7,10] as

[ o B Y]
T 272
| B Bafty(B-2«¢—4) B2B-—Yy)
Py =0, | 81 — )12 FTRSYE (19.97)
v B2B —v) Y28 —v)
L 272 4(1 —a)T3 4(1 — )74

Given the maneuver index, the steady-filter gains are found by solving three simultaneous
equations given by

2

B 14
Cpwea = 20 —a) (19.98)
B=20—a)—4/1—a (19.99)
/32
y =— (19.100)
o

For a given tracking index, the gains are found by the use of a table. The table is constructed
by varying « from a small value to a value near 1 and for each value of «, values for g, y,
and ["pwpa are computed. These gains are plotted versus the tracking index in Figure 19-20.
Note that for a given tracking index, alpha is larger for the alpha-beta-gamma filter than
for the alpha-beta filter. Thus, according to (19.53) and (19.97), the position estimate of
the alpha-beta filter will have a smaller variance than that of the alpha-beta-gamma filter
for a given tracking index.

While the alpha-beta-gamma filter can be implemented efficiently for steady-state
conditions, poor tracking will be experienced if the steady-state gains are used for the
settling of the alpha-beta-gamma filter from track initiation to steady-state. Least squares
techniques can be used to develop and effective gain scheduling method. Given k = 0 for
the first measurement, the alpha, beta, and gamma gains can be scheduled as a function
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182k + 1)
= ma , 19.102
b= mo G D e3P (110
60
= ) 19.103
e = max{ k+ Dk +2)(k + 3) yss) (19109

where Xo|-1 = 0, )'60‘_1 = 0, and )'50|_1 = 0, and ogg, ﬂSS, and Yss are the steady—
state values. Using these gains through N measurements gives a parametric least squares
estimate of the position, velocity, and acceleration for constant acceleration filtering for
the first N measurements.

To illustrate NCA filter tracking, consider the target trajectory and sensor used to
generate the results in Figure 19-17. The target maneuvers with 40 m/s> of acceleration
from 40 to 60 s, and the sensor measures the target position ata | Hz rate with errors defined
by o,, = 120 m. Let o, = 7 m/s? for the NCA filter design. Figure 19-21 shows the RMSE
results of Monte Carlo simulations with 2000 runs. Note that the RMSE in both position and
velocity have peaks at the beginning and end of the maneuver and this behavior is indicative
of a second-order model with acceleration estimation. Also, note that the peak of the RMSE
in position remains lower than the measurement error during the maneuver. However, the
RMSE in position is significantly higher than that of the NCV filters in Figure 19-17, when
the target is not maneuvering. Also, when the target is not maneuvering, the RMSE in
velocity is higher than that of the NCV filter with o, = 36.4 and less than that for the NCV
filter with o, = 83.3. Figure 19-22 gives the NEES as defined in (19.23) for the NCA filter.
In Figure 19-22, the two dotted lines denote the 95% confidence region for a 200 sample
average of a two degree of freedom chi-square random variable. Thus, results indicate that
the covariance for NCA filter is too large when the target is not maneuvering. This is a
result of modeling deterministic-like maneuvers with a random acceleration model.

19.2.2.5 Multiple Model Filtering for Highly Tracking Maneuvering Targets

Techniques for adapting the Kalman filter for target maneuvers have been studied for many
years with very little success. Adaptive Kalman filtering is based on monitoring in real time
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the whiteness of the residuals or the agreement of the magnitude of the innovations with
their yielded error covariances. Thus, adaptive Kalman filtering for tracking maneuvering
targets is based on detecting a breakdown in filter consistency and adjusting the filter
parameters to regain filter consistency. Therefore, using an adaptive Kalman filter to track
maneuvering targets will not provide reliable tracking performance because the loss of
track filter consistency prevents reliable decision making for simultaneously adapting the
filter parameters and performing data association.

As an alternative to adaptive Kalman filtering, the tracking of a maneuvering target
can be treated as the state estimation of a system with Markovian switching coefficients.
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The dynamical motion and measurement equations for a system with Markovian switching
coefficients are given by

Xir1 = Fr(Or11) Xk + Gi(O) v (6k) (19.104)
Zi =HO)X; +wi (19.105)
where 6y is a finite-state Markov chain taking values in {1, ..., N} according to the transi-

tion probabilities p;; of switching from mode i to mode j. The interacting multiple model
(IMM) estimator has become the well-accepted method for state and mode estimation of
such multiple-mode systems with Markov switching between the modes [7]. Also, the
IMM estimator is a nearly consistent estimator for the state of a maneuvering target.

The IMM estimator consists of a filter for each model, a model probability evaluator,
an estimate mixer at the input of the filters, and an estimate combiner at the output of
the filters. Figure 19-23 shows a flow diagram of the IMM estimator for two modes,
where X is the state estimate at time k based on both models, X ljd « 1S the state estimate
based on model j, Ay is the vector of mode likelihoods, and p; is the vector of mode
probabilities when all the likelihoods have been considered. With the assumption that
the mode switching is governed by an underlying Markov chain, the mixing uses the
mode probabilities and mode switching probabilities to compute a mixed state estimate
for each filter. At the beginning of a filtering cycle, each filter uses a mixed estimate and a
measurement to compute a new estimate and likelihood for the model within the filter. The
likelihoods, the prior mode probabilities, and the mode switching probabilities are used
to compute new mode probabilities. The overall state estimate is then computed with the
new state estimates and their mode probabilities. In many applications, the IMM algorithm
provides a 25% reduction of error in the position estimates and a 50% reduction of error
in the velocity estimates that are produced by a Kalman filter. An illustrative example that
compares the performances of the Kalman filter and the IMM estimator for tracking a
maneuvering target is described in the introduction of [8]. The effectiveness of the IMM
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algorithm has been thoroughly documented in the literature and confirmed in a real-time
tracking experiments [1,5,6,14—19].

Let F}C = Fk(9k+1 = i), G;( = Gk(9k+1 = i), and H;( = Hk(gk = i). Also, let X;dj
and P} ; denote the state estimate and covariance at time 7 given data through time 7;
under the condition that mode 7, denoted as My, is the true mode. The implementation of
the IMM estimator involves the following five steps.

Step 1: State Mixing

Starting with X };7” +_; and the mode probability i, for each of » modes, compute the
mixed estimate for each mode according

o . "
Xkl—l\k—l = in—l\k—lﬂlj(_lukq (19.106)
j=1
where
" ,uj ro

k—1 i

Mot = = Djis Mi—1jk—1 = Zﬂljcflpji (19.107)

Hg—11k—1 =

The covariance of the mixed estimate is given by

Pgiukq = Zﬂﬁuk—l [Pi—l\k—l + (Xi—l\k—l - Xgifl\kfl) (Xli—llk—l - X2i71|k71)r]

j=1
(19.108)
Step 2: Mode Conditioned Estimates

Starting with X}’ |, and P’ |, for each of r modes, compute the mode-conditioned
estimate for each mode according to the following.

Prediction of the mode-conditioned estimate to the next time:

X;dk—l = F;c—lxgi—ukq (19.109)
i i i i \T i i i \T
Piio1 = F Pl (Fin) + 6 0 (Giy) (19.110)

Update of the mode-conditioned estimate with the measurement:

X;dk =X + K [Z - H]é-X;dkfl] = X};\kﬂ +K. Z, (19.111)
Py = [1- K H Py, (19.112)
K, =P, (H) (s})" (19.113)
S, =HP,,_,(H)" +R, (19.114)

K is referred to as the Kalman filter gain for mode i, Z;{ denotes the filter residual vector
for mode i, and S, is the covariance of the measurement residual for mode i.

Step 3: Model Likelihood Computations

The likelihood of mode i at time #; is computed according to

A=l e [—%(ii)r 8i]7'Z, (19.115)

NEETH

where exp[-] denotes the exponential function and | - | denotes the matrix determinant.
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Step 4: Mode Probability Update
The probability of mode i at time #; is computed according to
i A i
e ZS':] M/i—uk—1'uk_1|k_1 e
Step 5: Combination of State Estimates

The filtered state estimate at time #; is computed for output according to

X = > ui X, (19.117)
j=1

Py = Z“/jc [P;{u( + (X/{Ik — Xu) (X/{Ik - Xk|k)T] (19.118)
j=1

To illustrate the tracking performance of the IMM estimator, consider the target tra-
jectory and sensor used to generate the results in Figures 19-17 and 19-21. The target
maneuvers with 40 m/s2 of acceleration from 40 to 60 s, and the sensor measures the
target position at a 1 Hz rate with errors defined by o,, = 120 m. Consider an IMM
estimator with NCV and NCA models. Let o, = 1 m/s? for the NCV model and 0> = 12
m/s? for the NCA model. Let the mode switching probabilities be given by p;; = 0.95
with pjo = 0.05 and pyy = 0.9 with py; = 0.1. Figure 19-24 illustrates the calculated
probabilities of the CA and CV modes, showing that target acceleration causes the CA
mode to be recognized as more likely, while the CV mode is deemed more likely when the
target is not accelerating. Figure 19-21 shows the RMSE results of Monte Carlo simula-
tions with 2,000 experiments. When the target is not maneuvering, the RMSE in position
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tracking a
maneuvering target.
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and velocity are significantly lower than that of the NCA filter and the NCV filters in Fig-
ure 19-17. Note that the RMSE in both position and velocity have peaks at the beginning
of the maneuver. Also, note that the peak of the RMSE in position raises slightly above the
measurement error at the beginning of the maneuver. During the maneuvering, the RMSE
of the IMM estimator is similar to the that of the better design of the NCV filter and that of
the NCA filter. In this simulation, the target acceleration moves instantly from 0 to 40 m/s?
and this is almost unavoidable. In practice, targets require a system response time of a
few seconds to achieve maximum acceleration from a nonmaneuver state. Figure 19-22
gives the NEES as defined in (19.23) for the IMM estimator. The results indicate that the
covariance for IMM estimator is too large when the target is not maneuvering and adapts
to the maneuvering after the initial peak. Figure 19-24 gives the mode probabilities of the
IMM estimator for this example.

The IMM estimator can also play a key role in the allocation of radar resources of
phased radars when tracking maneuvering targets. Instead of setting a quasiperiodic data
radar for surveillance tracking [20], the time at which the next measurement is required to
maintain the track is computed after every measurement, and then aradar dwell is scheduled
for the required time. Thus, the sample period between consecutive measurements is
adapted giving rise to aperiodic data. The near consistency of the IMM estimator allows
for reliable computation of the next required revisit time for the radar [15,21]. The next
required revisit time is computed as the latest time at which the target can be expected to be
in the predicted track gate, which is defined by the radar beamwidth, the length of the range
window used in track mode, and maximum acceleration of the target. The revist time is
determined by selecting the minimum of the required revisit times for range, bearing, and
elevation and applying an upper limit on the revisit period that is based on the maximum
acceleration of the target. For the angles, the revisit times are computed to be the times at
which the standard deviations of the predicted angles exceeds a fraction of the beamwidth.
For the range, the revisit time is computed to be the time at which the standard deviation of
the predicted range exceeds a fraction of the range window. Using the output of the IMM
estimator to compute the next required revisit time gives revisit intervals that automatically
reflect target maneuvers, target range, missed detections, fluctuating signal amplitudes,
the length of the range window, and the radar beamwidth at the predicted location of
the target. Analysis of the results from simulation studies and real-time experiments [15]
indicate that the IMM estimator with adaptive revisit times provides a 50% reduction in
radar time and energy required for surveillance tracking by a conventional approach.

IPECXE] | KINEMATIC MOTION MODELS

For most tracking systems, the target state is modeled in Cartesian coordinates and main-
tained in a reference frame that is stabilized relative to the location of the platform. The
dynamical equation that is commonly used to represent the motion of the target relative
to the platform is given by

Xit1 = F Xy + Grog (19.119)

The state vector for a NCV motion model is given by

. . . T
Xe=[xm % » » = «] (19.120)
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where (x, vk, zx) represents the position of the target in Cartesian coordinates at time #;
and (xx, yx, zx) represents the velocity of the target. When tracking with an early warning
surveillance radar that measures only the range and bearing of the target, the state vector
may be of a reduced Cartesian space and include only the four elements associated with x;,
and yy. Note that in this case, x; and y are in a tilted frame relative to the horizontal plane
and that tilt angle changes as the target moves. Thus, the x; and yj in the tilted frame is
certainly different from those in the stabilized frame. The state vector for an NCA motion
model in full Cartesian space is given by

Xe=[x & % oy W o ou Zk]r (19.121)

The dynamical constraint for NCV or NCA motion in full Cartesian space is given by

Ak 0m><m 0m><m
Fk = Omxm Ak Omxm (19122)
omxm Omxm Ak

where 0,,.,, denotes an m by m matrix of zeros. For NCV motion, m = 2, while m = 3
for NCA motion. The process noise is included to account for the uncertainty associated
with the unknown maneuvers of the targets. The input process noise is characterized by
GkaG,f that is given by

q;kaB;{ 0,5 0,1, 5m
GiQG =| 0,.n q!BiB]  0,., (19.123)
0,11 5m | - q;?BkBZ

The choice of a motion model is governed by the maximum acceleration of the target,
the quality of the sensor measurements, and the measurement rate. Since no algorithm ex-
ists for predicting the best model, Monte Carlo simulations are typically used to assess the
best model for a tracking system. If the quality of the measurements and the measurement
rate are not sufficient to estimate acceleration, models that do not include acceleration in
the target state will provide better tracking performance. If only two or three measure-
ments are taken during maneuvers, accurate estimation of the acceleration will not be
possible, and the acceleration should not be included in the target state. If the quality of
the measurements and the measurement rate allow for estimation of the acceleration, and
the bias in the position estimates of the nearly constant velocity filter during the maximum
acceleration of the target [22] is larger than the measurement errors, then acceleration
should be included the target state. In this section, the motion models for NCV, NCA,
Singer correlated acceleration, and constant speed turns are summarized [2,5,7,17,23].

19.3.1 Nearly Constant Velocity Motion Model

The dynamical constraint for NCV motion is given by (19.122) with
R
A = [O 1 } (19.124)

where &, = t; — ;1 denotes the sample period and #;, denotes the time of measurement
k. The process noise is typically treated as DWNA or CWNA [7].
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For the NCV motion model, the process noise covariance matrix for DWNA is given
by (19.123) with

5 5
B.BT = ; 2 (19.125)
¥ g

The random tracking index is often used to characterize the filter design. While expressing
the process noise variances in the Cartesian coordinates is straightforward, expressing the
measurement variances in Cartesian coordinates is more difficult because the measurement
errors are typically characterized in spherical or polar coordinates. The maneuver index
for the NCV filter with DWNA [7] is given by

(19.126)
w

where avz denotes the variance of the acceleration errors, 7' is the nominal measurement
period, and o2 is the variance of the measurement errors in the corresponding coordinate.
The aV% in each coordinate will vary with the target location. An appropriate o,, is identified
for a radar tracking problem by picking the maximum or average over the three coordinates
or computing it with target location. Once an appropriate O’v% and the maximum acceleration
of the target have been identified, the methods in Section 19.2.2.1 can be used for the filter
design. The key item of that design is to select the appropriate scaling «;(I"p) between
maximum acceleration of the target and o,.

For the NCV motion model with CWNA, the process noise covariance matrix is given
by (19.123) with

55
BB qi =g 532 2 (19.127)
k
— 6
5 %k
The square of the random tracking index for the NCV filter with CWNA [7] is given by
=73
2 _ar
Pewna = o2 (19.128)

w

where g denotes the power spectral density of the CWNA. Once an appropriate oj and the
maximum acceleration of the target have been identified, the methods in Section 19.2.2.3
can be used to design the filter. The key step in the design is to select the appropriate
scaling «,(I"p) between maximum acceleration of the target and §.

In the case of DWNA, the acceleration errors are assumed to be fixed during each
sample period and independent between any two sample periods. Thus, if the time periods
between measurements vary widely, the CWNA is more appropriate, because the basic
target motion model is independent of the sampling interval. This is supported by the
fact that the maneuver index of DWNA is a higher order function of sample period T
than the maneuver index for CWNA. Also, if the process noise for CWNA is used for the
illustrative example in [6], better tracking is achieved by doubling the data rate. Thus,
the process noise based on CWNA is more appropriate for tracking with multiple radars
because the sample periods between measurements tend to vary significantly. However,



19.3 | Kinematic Motion Models

the DWNA model leads to simpler equations and it is most often used for illustration and
publications.

19.3.2 Nearly Constant Acceleration Motion Model
The dynamical constraint for NCA motion is given by (19.122) with

1 & 187
Ar=10 1 & (19.129)
0 0 1

For the NCA model, the process noise covariance matrix for DWPA is given by (19.123)
with
S 28 2%
BB = |18 & & (19.130)
8 & 1

The maneuver index for the NCA filter with DWPA [7] is given by

(19.131)

w

where o2 denotes the variance of the acceleration errors. The o, in each coordinate will
vary with the target location. An appropriate value of o,, is identified for a radar tracking
problem by picking the maximum or average over the three coordinates or computing it
with target location. The maneuver index is often used to characterize the filter design.
However, selection of ov2 presents a challenge. One design method begins by setting o,
equal to the maximum incremental change in acceleration of the target between any two
measurements. Then, Monte Carlo simulations are conducted to characterize performance
and refine the selection of o,,.

19.3.3 Singer Motion Model

The Singer motion model represents the acceleration errors as an auto-correlated sequence
of accelerations. The autocorrelation decays exponentially with the time period between
the measurements. The dynamical constraint for the Singer model is given by (19.122) with

- 5 8 -
1 & 2 [k +exp {—"] - 1]
T T
Sk
Ar=1{0 1 T [1 —exp {—H (19.132)
Tm
5
0 0 exp [——k}
L T J

where 7, is the time constant for the maneuver. For the Singer model, the process noise
covariance matrix is given in [24] by (19.123) with

bii b bis
BiBl =02 |bia byn by (19.133)
biz by b3

749



CHAPTER 19 | Radar Tracking Algorithms

where
[ 25 8 82 283 8 5
by =14 [14+ =5 —exp {—2—} —2%k 4 204 exp [——"} (19.134)
T Ty T2 37} Ty T
3 k k X Sk 87
b=1 |1— =% texp {—2—} 2 <1 - —) exp [——} + 2 (19.135)
Tm Tm m Tm T
Sl 8 i i
bz=r1, |l—exp|—2—| —2—exp|—— (19.136)
T T T
, 28 8 8
by =1, | — —3—exp|—2—| +4exp |—— (19.137)
Tm Tm T
[ 8 St
by =1, |1 +exp [—2—} — 2exp [——H (19.138)
tm m
L N
byz; =1—exp |—2— (19.139)
Tm

and crv2 denotes the variance of the acceleration errors in the model. When §, rnjl < 0.1,
the state transition matrix approaches that of NCA and [24]

(8 & &
20 8 6
202 4 3 2
BB~ %v | % % % (19.140)
T 8 3 2
s 82
ko ks,
Le 2 i
When é; 7, 1'> 0.9, the state transition matrix approaches that of NCV and [24]
28,?,,, 25,
BB ~ o? (19.141)

82T 28kTw T

2
T, T 1

The selection of af presents a challenge. One design method begins by setting o, equal
to the maximum incremental change in acceleration of the target between any two mea-
surements. Then, Monte Carlo simulations are conducted to characterize performance and
refine the selection of o,.

19.3.4 Nearly Constant Speed Motion Model

Nearly constant speed motion is very important because it tends to characterize the motion
of targets performing maneuvers with control surfaces. The high acceleration maneuvers
of many targets are achieved with control surfaces and the speed remains nearly con-
stant during maneuvers. A common approach to modeling constant speed maneuvers
is to assume a constant turn rate in the horizontal plane [7] and estimate the turn rate
Q. The limitations of this approach include the requirements that the turn rate remain
nearly constant and the maneuver be performed in the horizontal plane. These are two
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serious limitations. This model has been extended to include both vertical and horizontal
maneuvers, but the approach is rather complex and involves estimation of two parameters
for the turn. An alternate approach is the use of a piecewise constant speed motion model
in which the motion is characterized by incremental constant speed turns in an arbitrary
plane. This approach is generally preferable. The dynamical constraint for the piecewise
constant speed motion is given by (19.122) with

sin(€2;.6%) 1 — cos(2;8;)
o Q7

A, = in(2;8 19.142
k 0 cos(2;8y) Ll(gk K (9 )
k

0 —kain(QkSk) COS(Qk(Sk)

where

¥2 4 92 + 72
Q=" - = (19.143)
A+

The process noise model for NCA motion is appropriate for the piecewise constant speed
motion model. However, the selection of o2 continues to present a challenge. Again, o,
can be set equal to the maximum incremental change in acceleration of the target between
any two measurements. As before, Monte Carlo simulations are conducted to characterize
performance and refine the selection of o,.

Targets that maneuver with control surfaces tend to retain a nearly constant speed
through the maneuver. The use of this kinematic constraint has been investigated as a means
to improve the tracking of highly maneuvering targets. The application of a kinematic
constraint as a pseudo-measurement has been demonstrated to improve the tracking of
constant speed, maneuvering targets [17,25].

I EXT | MEASUREMENT MODELS

Radar measurements are typically in polar or spherical coordinates. For a radar measuring
the target location in full Cartesian coordinates, the two angles are actually measured in
two orthogonal planes, say U and V, in the aperture of the antenna [26]. In some cases,
the radar measures the velocity of the target along the range vector between the target and
the antenna. The general measurement equation is given by

Zk = hk(Xk) + Wi (19144)
where

Z; = measurement vector at time f.

w; = measurement error at time #; with w;, ~ N(0, Ry).

Typically, the target state estimate is maintained in a Cartesian reference frame that is
stabilized (often in an inertial coordinate frame) relative to any motion of the radar antenna.
In this case, an affine transform is typically used to define the relationship between the
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two coordinate systems and the measurement equation is given by
Ziy = h (M X+ L) +wg (19.145)
where

M, = matrix that rotates the target state vector into the frame
of the antenna at time 7.

L, = vector that translates the target state vector into the frame
of the antenna at time 7.

The typical formulation of the measurements as range, bearing, elevation, and range
rate is presented first. Then, the sine space formulation of the measurements in the antenna
frame is presented. The issue of unbiased converted measurements will be addressed in
both sections. The measurement equation for LFM waveforms is then addressed. Finally,
tracking with measurements of reduced dimension is discussed.

19.4.1 Measurements in Stabilized Coordinates

Typically, radar measurements are modeled in spherical or polar coordinates in which
measurements as a function of X are given by

I hy (Xy) Wik
by hp (X i) Wk
Z, = = h(Xy) +wi = + (19.1406)
ey he(X) Wek
I ha(Xy) Wk
where
ry = measured range at time #.
b; = measured bearing at time #;.
e = measured elevation at time #.
rr = Doppler-derived measurement of range rate at time .
w,x = error in range measurement with w,; ~ N(0, 0.%).
wpe = error in bearing measurement with wp ~ N(0, o).
wer = error in elevation measurement with w o, ~ N(0, 0.%).
wgr = error in Doppler range rate measurement with w g, ~ N(O, adzk).
Also

he(Xy) = \/xi + v} + 23 (19.147)

hy(Xp) = Yk (19.148)



19.4 | Measurement Models

_ Tk
X + Vi
he(Xy) = S (19.149)
T X + Vi
——tan' | Y|zl > X2+ ¥
2 Zk
ha(X ) = S5 YN T (19.150)

VAR

where bearing b, and elevation ¢, measurements are two angles in a radar reference
frame. The two cases for the bearing and elevation measurements are included to prevent
singularities in the measurement functions. Note that a four-quadrant arctangent function
or some other logic must be employed to ensure the bearing measurement is in the proper
quadrant. While (19.147) through (19.150) represent the different kinematic measurements
of a radar, many radars do not measure all four kinematic parameters. For example, most
long-range surveillance radars measure only range and bearing (and possibly range rate).
The kinematic state of the target is modeled in a plane that is tilted relative to the local
horizontal plane and the angle of the tilt changes as the target range or altitude change.

The extended Kalman filter (EKF) for tracking with radar measurements uses a lin-
earized model for the measurements. Thus,

[ oh(Xi) T
0X [ H,; ]
0hp(Xy) e
X bk
He=| ; = (19.151)
e( k) Hek
X,
0ha(Xy) L H 1 |
L 0Xe Xy = X
where the one-step ahead predicted state is given by
. . . T
X1 = [ %=1 Xkjk=1 Ykk—=1  Vklk=1  Zkk—1  Zkj—1 | (19.152)
The rows of Hj are given by
[ Xklk— Vilk— Zklk—
Hy=| 2= o =L o = 0] (19.153)
| Tklk—1 Tklk—1 Tklk—1
[ Vklk—1 Xklk—1
Hy, = - 00 0} 19.154
b L ’”h/%|k—1 rh%\k_l ( )
[ Xkjk—1Zkjk—1 Viclk—1Zklk—1 Fhggi-1
H;,=|—-—5—"" — 0 0} 19.155
‘ rl%\k—lrhklk—l rlg\k—lrhk\k—l ”1?|k—1 ( )
[ Xklk—1 Yklk—1 Zklk—1
Hy = | Hoe() =0 g3y 2 wm>J—} (19.156)
L Tklk—1 Vilk—1 Tklk—1
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where
2 2 . . .
1t Ze—t ) Xklk—1 — _ —1 t Zhkk—1Zk|k—1)Xk|k—
Hy(1) = (yk\k 1 klk 1) klk—1 (YI;\k 1 Vklk—1 Kk—1Zk|k—1) Xk[k—1 (19.157)
Tklk—1
(xlf\k_l + Z/%|k_1))"k\k—1 — (Xkk—1Xkpk—1 + Zkjk—1Zk1k—1) Vklk—1
H;.(3) = 3 (19.158)
Tklk—1
rh2 o Zek—1 — (k1 Xkik—1 + Vilk—1 Vklk—1)Zklk—
H, (5) = Klk—1%k|k—1 (klk 13k|k 1 T Yklk—1Yk|k—1)Zk|k—1 (19.159)
Tklk—1
_ 2 2 2
Tklk—1 = \/xk|k71 + Vigk—1 T k-1 (19.160)

Thik—1 = \/x;ak_l + yl%lk—l (19.161)

Since the EKF uses a linearized output matrix for #(Xy) in the covariance update, the
EKF does not provide an optimal estimate of the target state. The results of [7,27] suggest
that the performance of the EKF is degraded significantly when

P
remax{oz, o2 } - 04
Ork -

(19.162)

Performing a debiased coordinate conversion of the spherical measurements to Cartesian
measurements was proposed in [27] and refined in [28] to reduce the impacts of this limi-
tation of the EKF. In this case, the measurements of position become direct observations of
the Cartesian coordinates of the target position and the measurement equation is a simple
linear function of the state. However, the EKF will be required to process the Doppler
range rate measurement because it is not easily be converted to a Cartesian measurement.
Other issues associated with the processing of spherical radar measurements as Cartesian
observations are discussed in [29].

19.4.2 Measurements in Sine Space

The angles of a target are actually measured in two orthogonal planes, say U and V, at the
aperture of the radar antenna [26]. When considering the measurements in the U-plane and
the V-plane, the radar measurements (direction cosines) as a function of X in a Cartesian
reference frame at the antenna are given by

T hy (X)) Wk
Uy hy(Xy) Wk
Z, = = + 19.163
k Vi hy(Xx) Wk ( )
Tk ha(Xp) Wk

where

U, = measured sine of the angle of the target in the U-plane at time 7.
Vi = measured sine of the angle of the target in the V -plane at time #.
wyi = error in the Uy measurement with wyx ~ N(0, 07,).

wyy = error in the Vi measurement with wy; ~ N(0, 07, ).
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Also
hy(Xp) = ——b (19.164)
VA i+
hy (Xy) = k (19.165)

VA + i+

The radar measurements as a function of X in a radar reference frame displaced from the
antenna are given by

Tk hy (M X+ Ly) Wik

_ | Uk _ | hu(M X + Ly) Wk
2= Vi | AW X + L) +wie = hy (My Xk + Ly) + Wy (19.166)

T ha(Mi Xy + Ly) Wk

The EKF or converted measurements is commonly used for tracking the target with
measurements in sine space. Implementation of the EKF requires the following

[ 0h (Xi) ]
3Xk I rk_

0hy (Xy) "

Uk
H, = X = (19.167)
dhy (Xy) Hyy

. ¢
dhy(Xy)

L AXe Xy = M X + Ly

Hy |

Let
Xjjio1 = MiXup1 + Ly (19.168)

and
Xior = [%or Mot Yiger Viwer Zhjre Zﬁdk_]]T (19.169)

The elements of Hy are then given by (19.153) and (19.156) with X;—; = X;dk_] and

M / 2 / 2 / / ’ / 7]
_ (rk|k—1) - (xk\k—l) Xlk—1Yk|k—1 Xklk—12k|k—1
Hy, = Y 0O ————% 0 —/———5 0
(rk|k71) (rklkfl) (rk|k71) i
(19.170)
M ’ / ’ 2 ’ 2 ’ / 7]
H Xelk—1Yk k-1 (rk|k71) - (yk|k71) 0 Vile=1%k|k—1 0
Vi = | — , 3 | 3 T 3
(r,dk,]) (rk‘k,l) (rku«fl) ]
(19.171)
where
) , 2 , 2 , 2
Thk—1 = \/(xk\k—l) + (Vhp—1)” + (k1) (19.172)
2

rhiy—y = \/(xl/dk—l) + (ylldk—l)z (19.173)
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Since the EKF uses a linearized output matrix for #(X}) in the covariance update, the
EKF does not provide an optimal estimate of the target state. The results of [30] suggest
that the performance of the EKF is degraded significantly when

N max{o},, o9,} [3— 3l:]§k + l:]ék > 2 (19.174)
o 1-205, + 035 — 3

where Uy, = 4/U? + V2. Performing a nearly unbiased coordinate conversion of the
measurements in sine space to Cartesian measurements is proposed in [30] to reduce
the impact on this limitation of the EKF. In this case, the measurements become direct
observations of the Cartesian coordinates of the target position and the measurement
equation is a simple linear function of the state.

19.4.3 Measurements with LFM Waveforms

When a radar use an LFM waveform, the range measurement is coupled to the range rate
induced Doppler of the target [12]. For an LFM waveform, the output function for the
range measurement is given by

hya(Xi) = hy(Xy) + At hq(Xy) (19.175)

where

Ar= I
=N

with f; denoting the frequency of the transmitted waveform, t denoting the duration of
the transmitted pulse, f; denoting the initial frequency in the waveform modulation, and
/> denoting the final frequency in the waveform modulation. The linearized output matrix
is given by

(19.176)

H, s = Hy + At Hyy (19.177)

As noted in [12] and shown analytically in [13], the range-Doppler coupling of the wave-
form affects the tracking accuracy. For example, an up-chirp waveform (i.e., f> > f; or
At > 0) gives lower steady-state tracking errors than an equivalent down-chirp waveform
(i.e., f» < fior At <0).

19.4.4 Surveillance Radars with Measurements
of Reduced Dimension

Early warning or long range surveillance radars typically measure only the range and
bearing (and possibly range rate) of the target. In this case, the radar measurements are
given as a function of X by

Tk h(Xy) Wik
Zi= |br| =h(Xp) +wi = | hp(Xp) | + | war (19.178)
i ha(Xy) Wk
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where measured range is defined in a plane that is tilted relative to the horizontal plane.
Full Cartesian estimate of the target state is not achievable under most circumstances. For
tracking, the measurements are usually defined as a function in a two coordinate Cartesian
system. For example, the measured range is given by r, = /X2 + 97, where X; and
are the coordinates of the target in the tilted plane. Note that the tilt angle changes as the
target moves toward the radar or changes altitude. Also, note that the measured range rate
is not exactly equal to the derivative to the range ;. The measured bearing will have the
same functional form of X; and y;, while the Doppler measurement cannot be expressed
solely as a function of X and ¥, and it remain a function of z; and z;. Thus, the processing
of Doppler measurements while tracking x; and y is problematic. The range and range
rate are often tracked in a separate filter.

IIE] | RADAR TRACK FILTERING

After the data association has been accomplished and a measurement has been assigned
to a track, kinematic state estimation is performed for the track with that measurement.
For most radar systems, the target motion is modeled in Cartesian coordinates, while radar
measurements are typically in polar or spherical coordinates. Since the measurements of
(19.144) are a nonlinear function of the state, the EKF is often employed to estimate the
state [7]. The EKF is a stochastic state estimation approach that presumes an imperfect
model for the target motion. In this approach, the target motion model includes a random
process and a perfect estimate of the kinematic state is not possible. However, in some
applications, a parametric estimation approach is taken. In this approach, a perfect model
for the target motion is assumed, and the time period over which the model is applied is
limited to prevent distortion of the data by violation of the model. In this approach, the
covariance of the state estimate (or track) will approach zero as more data are processed.
As the covariance of the track approaches zero, the gain for processing new data will
likewise approach zero. Nonlinear least squares or maximum likelihood estimation are
the typical methods employed for a parametric approach to track filtering, and since a
window or segment of the measurements is processed as a batch, the parametric estimator
is often referred to as a batch estimator.

In this section, nonlinear least squares estimation and the EKF are presented for the
radar tracking problem. A few comments on the converted measurement filter are also
given.

19.5.1 Nonlinear Least Squares Estimation

For a parametric or batch estimator approach to radar tracking of a target with nonlinear
measurements, the measurement equation is given by (19.144) and the dynamical motion
model is given by

Xit1 = Fi Xy (19.179)

where X is the state vector for the target at time #;. This estimator is often referred to
as a sliding window estimator or batch estimator. The name “sliding window estimator”
is derived from the idea that the estimate is based on a window of the N most recent
measurements and that window slides along with time. Note that estimates based on
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fewer measurements will have a higher variance, but the distortions of the underlying true
trajectory will be smaller.
Using (19.179) and (19.144), the measurement at 7,y can be rewritten as

Zy =h(Xy) +wy =h(Ey_1Ey_o.. . Fi1 X)) +wy (19.180)

Given N measurements between #; and ¢y, an augmented measurement equation can be
written in terms of X as

VA hi(Xy) wi
Z, hy(F1X71) w
V=] : | = : +| 1| =hvX)+ Wy

Zy_y hy_1(FyoFy_3...F1Xy) WN-1

Zy hy(Fy_1Fy_2...F1X)) wy
(19.181)

where
E{Wy} =0 (19.182)
R, 0 ... 0

Ry =E{WyW}} = (_’ R (19.183)

0 ... 0 Ry

In this case, Ry is ablock diagonal matrix because the measurement errors between any two
times are assumed to be zero mean and independent. Had the errors included correlation
across time, off-diagonal elements of the matrix would be nonzero. One of the advantages
of parametric estimation is the ease of including correlation of the measurement errors at
different times. The weighted nonlinear least-squares estimate (NLSE) [7] of X given
measurements from ¢, to ¢y is found through an iterative process given by

XY = Xiy + () RYEY) ™ () 'Ry (2] — A (X)) (19.184)

where

H) = ——~ (19.185)
xi=x)
The initialization of the iterative process can be achieved by using converted measurements
and a linear least squares estimate with the first M measurements. The covariance of the
estimate is given by

Pyy = (ALRy'Hy) ™ (19.186)

where Hy is the partial derivative of /1y (X ) evaluated at the final estimate. Note that the
covariance will reflect only the actual errors in the state estimate to the degree that the
kinematic model (19.179) is accurate and the measurements errors are zero-mean Gaussian
with covariance Ry. The X v and Py are smoothed estimates. For a state estimate and
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covariance at time ¢, t; < t; < ty,

X;n=F_ .. F Xy (19.187)

Pjx=F; .. .FIPyF] .. F] (19.188)

For the Gaussian errors, X ;| is also the ML estimate of X ;. For the parametric approach,
constant velocity and constant acceleration motion are the two most common assumptions
for the motion of the target. However, more complicated models are typically used for
applications like ballistic missile defense.

19.5.2 Extended Kalman Filter

For a stochastic state estimation for radar tracking with nonlinear measurements, the
measurement equation is given by (19.144) and the dynamical motion model is given by

X1 = Fi X + Grog (19.189)

where Gy is the input matrix for the target motion at time #;, and vy is the white noise
error in the state process with v, ~ N(0, Q). The EKF for target state estimation with
nonlinear measurements is given by the following equations:

State prediction:

Xip—1 = Fro1 X—i k-1 (19.190)
Pii—1 = Fio 1P FL_y 4+ Gio1 Qe Gy (19.191)

State update with the measurement:

Xk = Xpp—1 + KiZ; (19.192)
Zi = Zr — i (X)) (19.193)
Pui = 1 — KiHi JPyi— (19.194)
Ki = Py H{ S, (19.195)
Sy = HyPyy_ H} + R, (19.196)

In these equations, Z « 1s the filter residual at time #; and

O (Xy) ]
90X X =Xpk—1

Since the measurements are a nonlinear function of the state and the EKF uses a
linearized output matrix for i; (Xy) in the covariance update, the EKF does not provide an
optimal estimate of the target state. When the criteria of (19.162) are satisfied for radar mea-
surements in spherical coordinates or the criteria of (19.174) is satisfied for measurements
in sine space, the performance of the EKF is expected to be poor, and either converted
measurements [28,30] or the measurement covariance adaptive extended Kalman filter
(MCAEKF) [30] should be employed to reduce the impacts of the nonlinearities in the
measurements on tracking performance.

Typically, the target state estimate is maintained in a Cartesian reference frame that
is stabilized relative to any motion of the radar antenna. In this case, an affine transform

H; = [ (19.197)
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is typically used to define the relationship between the two coordinate systems and the
measurement equation is given in (19.145). The measurement update portion of the EKF
for target state estimation with nonlinear measurements at a remote reference frame is
given by the following:

Update of the state estimate with the measurement:

X = Xip—1 + Ki[Zg — b M X gp—1 + Ly)] (19.198)

Py = [I — K H M [Py - (19.199)

K, = Py M, H; S;! (19.200)

Sy = UM P, M/ H] + R, (19.201)

where
oh (X
H, = [M] (19.202)
X Xi=M; Xyi—1+Ly

19.5.3 Converted Measurement Filter

One of the attractions to the converted measurement filter is the nice linear relationship
between the state and the measurements. For the converted measurement filter in Cartesian
space, the measurement equation is given as a function of X by

X" 1 00000 Wk
Zi={y"| =10 0 1 0 0 0| Xe+ |wy|=HX,+W, (19203
2y 000010 W

where

x;" = measured x coordinate at time #.

y;' = measured y coordinate at time 7.

7, = measured z coordinate at time #.
Wy, = error in X-coordinate measurement at time 7.
Wy = error in y-coordinate measurement at time 7.

W, = error in z-coordinate measurement at time 7.

The converted measurements (x{", y;", z{') are computed from the spherical or sine space
measurements, and one should take care to use the unbiased transform as needed [28,30].
The measurement errors (Wi, Wk, Wx) are cross-correlated and non-Gaussian, and one
must be careful to use the covariance from the unbiased transform as needed. Since the
measurement errors are non-Gaussian, the Kalman filter will not be optimal in a general
sense. The Kalman filter will be the best linear estimator given that the measurements are
unbiased and the measurement covariance is correct.

BN | MEASUREMENT-TO-TRACK
DATA ASSOCIATION

All detections, or threshold exceedances, are processed to produce measurements that
include an estimate of range and two angles that correspond to the location of a potential
target. That measurement could be the result of a false alarm due to receiver noise or an echo
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from clutter. If the measurement originated from a target, it could be from a target currently
under track or a newly found target. When tracking multiple closely spaced targets, the
measurement could have originated with any of the targets. Furthermore, if any of the
targets are employing countermeasures to electronic attack, the measurement may not
correspond directly to the position of any target. Thus, the problem of accurate and reliable
measurement-to-track association is very challenging, and it is the crux of the multitarget
tracking problem. However, in this section, the measurement-to-track association problem
is restricted to the problem of tracking a single target to limit the scope and length of the
material to an appropriate level for this text.

The first step in the measurement-to-track association is validation of the candidate
measurements. The measurements are compared with the predicted measurement based
on the state estimate of the track. The comparison is usually achieved by computing
the difference between the measurements and the predicted measurement and comparing
that difference with the sum of the covariances of the measurement and the predicted
measurement. Let the set of validated measurements for the target under track be de-
noted by

Z]i,mk _ {Zi , R;'c’ mf}k Mk (19.204)

i=1

where Z}; is the i-th validated measurement, R}'C is the covariance of the i-th measurement,
and M!, is the observed signal-to-noise (i.e., signal-plus-noise-to-noise) ratio.

The second step in the measurement-to-track association is the processing of the vali-
dated measurements to update the track state estimate. Some techniques such as statistical
nearest neighbor (NN) or strongest neighbor (SN) select one of the validated measure-
ments to update the track and the standard Kalman filter equations are used to update the
state estimate and covariance as if the selection is correct. Other techniques such as the
probabilistic data association filter (PDAF) use all of the measurements in the validation
gate to update the state estimate and covariance. In the case of the PDAF, the uncertainty
in the origin of the measurements is captured in the filtering process and the covariance
reflects this uncertainty.

The gating and measurement update process is illustrated in Figure 19-25. Note that
in this example one measurement has been determined to be invalid with the use of a
rectangular gate. Rectangular gates are computationally efficient to implement and com-
putational efficient methods for classifying measurements as valid or invalid are critical
to the successful implementation of real-time tracking algorithms. Note in Figure 19-25
that two measurements have been validated by the ellipsoidal gate that is the result of a
likelihood test. The border of the ellipse represents a constant contour of the likelihood.
Thus, any two measurements on the border of the ellipse will have the same likelihood.
The statistical NN measurement is found by drawing a line from the center of the ellipse
through each measurement to the border. The measurement with the smallest fraction of
the distance to the border is the statistical NN. On the other hand, the PDAF processes both
validated measurements with the additional hypothesis that the target was not detected
and both measurements are false alarms. The PDAF can be thought to be processing a
pseudo-measurement that is a result of blending the two validated measurements and the
predicted measurement.

In the remainder of this section, the process of taking an initial, isolated detection to
a firm track is discussed, and that is followed by a discussion of measurement validation
and gating. Then, the equations for the NN filter, the SN filter, and PDAF are presented.
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FIGURE 19-25 =
Measurement
validation, gating,
and processing for
multiple
measurements.
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¢ Conventional approach uses statistical nearest neighbor
measurement for filtering.

¢ PDAF uses all validated measurements for filtering, which is
conceptually equivalent to using a single pseudo-measurement
with inflated covariance.

¢ PDAF does not directly support threat discrimingation in
ballistic missile defense or combat identification in air defense.

19.6.1 Formation of a New Track

When a measurement is formed and it does not associate with any existing track, the
measurement is first considered for association to any of the unassociated measurements
from the previous scan. The measurements are usually converted to Cartesian coordi-
nates for this assessment. If the distance between the measurement and an unassociated
measurement from the previous scan is less than the maximum speed of the target times
the scan period, then a tentative track is formed from the two measurements by setting
the position estimate to the position of the latest measurement and the velocity estimate
to the vector difference between the two measurements divided by the scan period. For
rotating targets, the scan period is usually on the order of a few seconds, and the entire
surveillance region is observed between the two measurements. The long scan period and
large region observed between the two measurements can result in a rather challenging
data sorting and management problem. If M measurements of the next the N scans (e.g.,
5 of 7) associate to the track, the newly formed tentative track is promoted to a confirmed
track.

For phased array radars with electronic scanning, an unassociated detection is usually
followed by a confirmation dwell within a fraction of a second after the original detection.
Since the scan period is small and the search region covered by a single dwell is also small,
the data sorting and management is rather straightforward. Typically, if the confirmation
dwell does not find a candidate measurement, the candidate track is dropped. If a mea-
surement is found on the confirmation dwell and it associates to the measurement from
the previous scan, a sequence of dwells is scheduled and if M measurements of the next
N dwells are associated with the track, then the tentative track is promoted to a firm track.
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19.6.2 Measurement Validation and Gating

Any real-time algorithm should include code that verifies the inputs as reasonable and
statistically feasible. A computer program will process unreasonable data and produce
unreasonable results, and those unreasonable results may drive an operator display, combat
identification system, or a weapon system. For tracking, these functions are referred to as
measurement validation and gating, and these functions are critical elements of any real-
time tracker. The developers of advanced MTT algorithms such as multiple hypothesis
tracking (MHT) or multiple frame assignment (MFA) often cite efficient and effective
gating as critical to a successful implementation of a real-time tracker [2].

Consider a radar system with 1,000 active tracks and a radar dwell that results in five
measurements. A brute force approach to the gating would require 5,000 tests or decisions.
Since a radar performs a dwell every few milliseconds, a brute force approach is not a
reasonable use of computational resources. Measurement gating is typically implemented
as a sequence of tests of increasing computational complexity. Coarse gating is typically
performed first and it should be a computationally efficient method for eliminating nearly
all of the tracks from consideration for association to the measurement. Coarse gating
techniques include segmentation of the surveillance space and track partitioning. Segmen-
tation involves dividing the surveillance space into contiguous regions and mapping each
new measurement into a region or regions. The measurement is then gated with only the
tracks identified within that region. Track partitioning involves separating the tracks into
groups of tracks that can be isolated from all other groups of tracks. The coarse gating is
then performed with the centriod of the partition instead of the individual tracks.

Rectangular gating usually follows the coarse gating. Rectangular gating is simple in
that it is usually performed in measurement space and involves a series of inequality tests
on the individual coordinates of the difference between the measurement and track. Once
an inequality test is failed, the track is rejected and no further testing is needed. For radar
tracking, the range coordinate eliminates most of the measurement-to-track hypotheses
and is often performed first.

The fine or ellipsoidal gating is the final test and performed only for measurement-
to-track hypotheses that pass the rectangular gating process. The border of the ellipse as
shown in Figure 19-25 represents the location of measurements with equal likelihood,
and ellipsoidal gating is a likelihood test of the measurement-to-track hypothesis. Moving
the focus back to the single target tracking problem of this section, the likelihood test is
evaluated with a Mahalanobis distance between measurement i, and it is given by

di = (Z)"(s))'Z, (19.205)

where Z;( is the residual of (19.193) between measurement i and the track, and S} is the
covariance of the residual in (19.196) between measurement i and the track and given by

Si = H; Py H +R; (19.206)

If measurement i originated from the target corresponding to the track, then d; is chi-square
distributed with n; degrees of freedom, where n; is the dimension of the measurement.
Tables such as Table 1.5.4-1 in [7] for the chi-square distribution are used to select a gating
threshold d,, for d;. with a given probability of gating Ps. Thus, 1 — Pg is the probability
that measurement i is rejected for the track, given that measurement i originated from
the target. That is, 1 — Pg is the probability of discarding the correct measurement due
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TABLE 19-1 = Typical Threshold
Values dy, for Gating

nz Pg = 0.995 Pg = 0.999
1 7.88 10.8

2 10.6 13.8

3 12.8 16.3

to failure of the gating test. Some typical gating thresholds d;;, are given in Table 19-1
for measurement dimensions of one, two, and three. If d; < dj, the measurement i is
accepted as a validated measurement.

19.6.3 Nearest Neighbor Filter

The NN filter selects the most likely measurement from a group of validated measurements
and performs the track filtering as if no uncertainty exists in the selection of the correct
measurement. Thus, the state error covariance produced by the NN filter is often optimistic
in that it does not reflect the data association errors in the state estimate. The measurement
selection of the NN filter is given by

NN, = argmin {dj } (19.207)

1<i<my

where d! is given by (19.205) and the NN, represents the index of the statistically nearest
neighbor measurement at time #;, and argmin{} denotes the argument (i.e., i in this case) that
provides the minimum. Then, the NN filter is given by standard equations for prediction
or time update and the following equations for the measurement update:

Xk = Xpgeor + Ke [Z0™ — hi (X i) (19.208)
Py = [I — KiHg [Pyji—1 (19.209)
Ki = Py HY (V)7 (19.210)

where SkNNk is the residual measurement covariance given by (19.206) for measurement
NN and H;, is the linearized output matrix given in (19.197). Note that the measurement
update equations do not reflect any uncertainty in the selection of the measurement from
a group of my, validated measurements.

19.6.4 Strongest Neighbor Filter

The SN filter selects the measurement with the highest signal-plus-noise-to-noise ratio
(i.e., My;) from a group of validated measurements and performs the track filtering as if
no uncertainty exists in the selection of the correct measurement. Thus, the state error
covariance produced by the SN filter is often optimistic in that it does not reflect the
data association errors in the state estimate. The measurement selection of the SN filter is
given by

SNy = argmax {0, (19.211)

1<i<my

where R!_ is the observed SNR for measurement i, and SNy represents the index of the
strongest neighbor at time #; and argmax{} denotes the argument (i.e., i in this case) that
provides the maximum. Then, the SN filter is given by standard equations for prediction
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or time update and the following equations for the measurement update:

Xiw = Xepor + K [Z2M — by (X )] (19.212)
P = [T — KeHi JPyi— (19.213)
K = Py HY (S5 (19.214)

where S,fN * is the residual measurement covariance given by (19.206) for measurement
SNy. Note that the measurement update equations do not reflect any uncertainty in the
selection of the measurement from a group of m; validated measurements.

19.6.5 Probabilistic Data Association Filter (PDAF)

The PDAF uses all validated measurements and performs the track filtering while account-
ing for the uncertainty in the origin of the validated measurements. Thus, one of the most
beneficial characteristics of the PDAF is that its state error covariance is nearly consistent
and reflects the uncertainty in the measurement-to-track association when tracking a sin-
gle target. In the PDAF, a measurement update from the Kalman filter is performed for
each validated measurement, and the resulting hypothesized tracks are blended with the
probability that each is true. Let 8}, 1 < i < my, denote the probability that measurement
i originated from the target. Also, let /3,9 denote the probability that none of the validated
measurements originated from the target. Then

e

. mg o - -
Bi = bo + bZOizl ey (19.215)
—— l = O
by + Y i e
where
. PpV, 1,
X/ S, {__ 4 (19.216)
mey/[27 S| 2
bo=1— PpPg (19.217)

d! is given by (19.205), Pg is the probability of gating the target-originated measurement
with the track, Pp is the probability of detection of the target under track, and V is the
volume of the validation gate.

The PDAF is given by the standard equations for prediction or time update and the
following equations for the measurement update.

Xk = Xipp—1 + Ui (19.218)

mg
P = (1 — KiH Pyt + > B [Kiel] [Kiel] " —UUT  (19.219)
i=1

K} = Py HJ (S})~" (19.220)
where
My
U =Py HL S BL(SE) el (19.221)
i=1
& = Zj, — i (X1 (19.222)

Mg
Ke =P HD S BL(SE) ™ (19.223)

i=1
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The PDAF is often presented in the literature for measurements with covariance that
is uniform across all of the validated measurements. Thus, R}; =Ry, 1 <i < my, which
implies for radar measurements that ERf)k = Nok, 1 < i < my. While this assumption
is typically invalid for a set of radar measurements, it does greatly simplify the PDAF
equations when made. The measurement update equations for the PDAF with uniform
measurement covariances are given by the following equations:

Xk = Xip—1 + Kl Zp — hie(X k1] (19.224)

My
S Bilel][el]” — &l | KL (19.225)

i=1

Py = [I —(1- ﬂ;?)Kka} Prji—1 + Ki

K; = Py HJ (S0 ™! (19.226)
where
— Mk . .
Z, =) BZ (19.227)
i=0
ZY) = i (Xgp—1) (19.228)
&, =Z, — hi(Xri—1) (19.229)
mg
& =) Biel (19.230)
i=1

| PERFORMANCE ASSESSMENT
OF TRACKING ALGORITHMS

Performance assessment of MTT algorithms is very much an outstanding research prob-
lem. The metrics are rather complex and involve such items as track completeness, track
switches, track breaks, spurious tracks, and redundant tracks as well as the standard met-
rics of track accuracy and covariance consistency used in this chapter [31]. One of the
major challenges in the assessment of MTT algorithms is the track-to-truth assignment
problem [32] that is required to compute any of these metrics. However, performance
metrics for tracking a single target are much simpler and track-to-truth assignment is not
required, because only one target is present and only one track is generated by the tracker.
The discussion of this section is restricted to the accuracy metrics for single target tracking.

Typically, for a Monte Carlo simulation, the kinematic trajectory for the truth object
is fixed and the sensor measurement errors are randomized between experiments. The
first step for computing the performance metrics involves setting the scoring times (i.e.,
identifying the times of the scenario when the track filter will be requested to report its
best estimate of the kinematic state) throughout the entire scenario or truth trajectory. For
each experiment, the squared errors for position and velocity are computed at each scoring
time. These errors at each scoring time are averaged across the Monte Carlo experiments
giving the RMSEs.

Let the error in the reported track state on the i”” Monte Carlo experiment at time #;
be given by

ey = X} — Xi (19.231)
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where X" k1, 1s the state estimate at time 7 for experiment i given the most recent measure-
ments at time #;, f; < f, and X} is the true kinematic state at time #;. Let e,(cl) (n) denote
the n-th component of e(i) Then, [e(i)(l) e(i) 3), e(i) (5)] denotes the position vector, and
[e,((i)(2), e,(f) @), e(’) (6)] denotes the velocity vector. The RMSEs in position and velocity
at #;, for M experiments are given by

M
RMSE}" = Z[ PO+ (@) + ()] 19.232)

]

RMSE}! = %Z[(e,(f)(Z))2+(e,(f)(4))2+(e,(f)(6))2} (19.233)

i=1

The NEES is used the to measure the quality or consistency of the covariance produced
by the estimator. The NEES is a Mahalanobis distance between the estimated state and
the true kinematic state and it should reflect the true errors in the estimate relative to
the covariance produced by the estimator. A chi-square test is performed to assess the
correctness of the covariance matrices. For X ; of dimension N and M experiments, the
NEES is given by

S

1 )T PO o)
— W 2 P k1 €k (19.234)

where Pkl ; 1s the state covariance for experiment i at time 7 given the most recent mea-
surements at time ;. Under the case that the errors in the state estimate are zero-mean
Gaussian with covariance Pk| 7» C s chi-square distributed with N M degrees of freedom.
For example, consider a track filter the provides state estimates with N = 6 and a Monte
Carlo simulation with M = 50 experiments. Thus, if errors in that state estimate are zero-
mean Gaussian and the covariance is accurate, then Cy will be chi-square distributed with
300 degrees of freedom at each time #;. From Table 1.5.4-1 of [7], Cj should be between
0.87 (261/300) and 1.14 (341/300) 90% of the time. If Cy, is greater than 1.14, then the
covariance underrepresents the errors in the state estimate, and if Cy, is less than 0.87, then
the covariance overrepresents the errors.

IPECX:] | FURTHER READING

Further applications of the track filtering concepts of this chapter are discussed in [8].
Some topics include multiplatform-multisensor track filtering, tracking in the presence
of electronic attack and electronic protection, modeling radars for assessing tracking per-
formance, and an engineering guide to the IMM estimator. Another topic of interest in
radar is tracking with monopulse measurements in the presence of sea-surface induced
multipath [33-35]. Advanced track filtering techniques such as particle filters are ad-
dressed nicely in [36]. The book includes an introduction to nonlinear filters and particle
filters and gives numerous applications. A good introduction to multitarget tracking and
measurement-to-track association is given in [5]. The book includes much of the math-
ematical details that are needed by a novice. Practical insights into the application of
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tracking techniques without the mathematical details are presented in [2]. Thus, this book
is a good source for those who can add the mathematics on their own. Since all radar
tracking problems are actually MTT problems, additional reading about the metrics for
performance assessment of MTT algorithms is recommended. One of the greatest chal-
lenges to performance assessment of MTT algorithms is the track-to-truth assignment. In
other words, in MTT, the tracks in a good simulation do not necessarily map uniquely
to the truth objects. The methodologies of assigning tracks-to-truth objects are addressed
in [32]. Many of the metrics associated with MTT are presented in [31].
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I EEL)Y | PROBLEMS

1. Process observations of a stationary object. Let the state equation be given by x;,; = x; and

the measurement equation be given by y, = x; +wy, with w being a Gaussian random process
with E{w;} = 0 and E{w}} = o2. Derive the formulas for the LSE and covariance for the
state of a stationary object as function of N measurements.

. Derive the alpha filter galn for tracking a stationary random process. Let the state equation

be given by x;1 = x; + 5 Ur, with v, being a Gaussian random process with E{v;} = 0 and
E{v}} = q. Let the measurement equation be given by y, = x; +wy, with w; being a Gaussian
random process with E{w;} = 0 and E{w,f} = o2. Derive expressions for steady-state gain o
and covariance for the alpha filter for tracking this stationary random process.

. Develop a gain schedule for track initiation. Use K; = Pk‘kaTR,jl and the covariance of the

LSE from Problem 1 to develop the Kalman gain for the alpha filter of Problem 2 for processing
the k-th measurement. The result of this processing is a LSE through the k” measurement.

. Derive the sensor noise only (SNO) variance. Given the measurement noise variance o2, derive

w?

the SNO variance for the alpha filter derived in Problem 2. Hint: Write the current filtered state
estimate (k|k) of the alpha filter as a linear difference equation in terms of the previous filtered
state estimate (k — 1|k — 1) and the measurement. Then let the input be zero-mean white noise
and compute the variance of the output in terms of the variance of the input.

. Derive the filter bias for a moving target. Given a constant velocity target of velocity V;, derive

the lag or bias in the position estimates relative to the true values for the alpha filter derived in
Problem 2. Hint: Write the alpha filter as a linear difference equation in terms of the previous
filtered state and the measurement as a k7' V|, and use a z transform.

. Derive the bounds for the process noise variance. Given targets that maneuver as much as

30 m/s?, a sensor measurement rate of 2 s, and measurement variance of 1600 m? for the nearly
constant velocity filter with discrete white noise acceleration acceleration (DWNA), find the
minimum acceptable process noise variance and the process noise variance that minimizes the
maximum mean squared error (MMSE).

Compute the MMSE. Compute the MMSE for the position and velocity estimates for the max-
imum acceleration of target and both values of the process noise variance found in Problem 6.

. Find the number of measurements required. Given a sensor measurement rate of 1 s and mea-

surement variance of 625 m?, find the minimum number of measurements required to achieve
a variance of the velocity estimate that is less than than 100 m?/s*.



9.

10.

11.

12.

13.

19.10 | Problems

Derive the LSE and covariance for tracking with LFM waveforms. Derive the formulas for the
LSE and covariance for the state of a constant velocity object as function of N measurements.
Let the state and measurement equations be defined by

Xi=[re ]

1T
Fk_F_{o 1}
H,=H=[1 Ar]
R, =R=0’

where r; and 7, are the range and range rate of the target, respectively, o2 is the variance

of the measurement errors, 7 is the sample period between measurements, and Af is the
range-Doppler coupling coefficient.

Develop a gain schedule for track initiation. Use the covariance of the LSE from Problem 9 to
develop a gain schedule for processing the k-th measurement with the alpha-beta filter for track-
ing with LFM waveforms. The result of this processing is a LSE through the k-th measurement.

Investigate the need for an unbiased transform. Consider a target at arange of 1,000 km and bear-
ing of zero. Thus, the Cartesian position of the targetis (x, y) = (1000, 0) km. Consider a radar
that measures the bearing with errors of standard deviation of 3 mrad and range with errors of
standard deviation of 25 m. For this radar-target scenario, use the criteriain (19.162) to assess the
need for an unbiased transform of spherical to Cartesian coordinates in this case. Simulate 2,000
measurements of range and bearing by adding Gaussian errors to the true range and bearing of
the target. Convert the measurements to Cartesian x and y, and plot the converted measurements.
Compute the sample mean and sample covariance of the measurements in Cartesian space. The
sample covariance is computed by subtracting the sample mean from each sample and forming
the outer product of it with itself and then computing a sample average. Next, compute the
measurements directly in Cartesian space as Gaussian errors in the x coordinate with standard
deviation of 25 m and Gaussian errors in the y coordinate with standard deviation of 3,000
m. Plot these measurements. Do the two distributions of the measurements appear similar in
Cartesian space? Repeat the above for a radar measuring range with a standard deviation of 1 m.

Investigate the PDAF for a single validated measurement. Consider the case of processing a
single measurement with the PDAF. Consider a radar that measures the bearing with errors of
standard deviation of 2 mrad and range with errors of standard deviation of 10 m. Consider a
target at a range of 100 km and bearing of zero. Let the covariance of the predicted position in
Cartesian coordinates be a diagonal matrix with standard deviations of 20 m in the x coordinate
and 200 m in the the y coordinate. From the chi-squared tables, what is the gating threshold for
a probability of gating of 0.999? For probabilities of detection of 0.5, 0.75, and 0.95, compute
and plot B/ versus the Mahalanobis distance (i.e., d}) from O to the gating threshold. For a
validated measurement near the edge of the gate and Pp = 0.5, 0.75, and 0.95, how much will
the effect of the Kalman gain be reduced by the consideration that a false alarm may have been
detected in place of the actual target?

Design and analyze a radar tracking algorithm. Consider a surveillance radar that measures
range and bearing and scans with a period of 4 s. The radar measures range with standard
deviation of 25 m and bearing with standard deviation of 0.02 degree. Targets that perform
maneuvers with acceleration as much as 30 m/s? are expected. Use the design techniques of
Section 19.2.2.1 to find process noise covariances for tracking in range and cross-range. Make
a small angle assumption to approximate the cross-range errors in Cartesian space. The process
noise covariance for tracking in cross-range will be a function of the range of the target. The
radar is to track targets at ranges from 5 km to 400 km. (a) Recommend a single process
noise covariance tracking targets at all ranges in the field of regard. (b) Recommend a range
dependent function for selecting the process noise covariance for both coordinates for tracking.
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(c) Develop a formulation of the process noise covariance that accounts for a different process
noise variances in the range and cross range coordinates. It will be a function of the bearing of
the target. (d) Assume target maneuvers are restricted to 30 m/s?> perpendicular to the velocity
vector of the target and 10 m/s? along the velocity vector. Extend the results of (c) to include
these limitations on the target acceleration in the selection of the process noise covariance. (e)
Consider a target starting at (250, 250) km and moving with a velocity of (—150, —150) m/s.
After 100 s, the target maneuvers with acceleration of (—7, —7) for 15 s. At 200 s, the target
starts maneuvering with acceleration of (20, —20) m/s? and the acceleration is orthogonal to the
velocity for 16 s. At 300 s, the target starts maneuvering with acceleration of 24 m/s” orthogonal
to the velocity for a right turn for 16 s. At 400 s, the target slows down at 10 m/s? for 15 s. The
scenario ends at 500 s. Simulate the target and radar and compare the performances of the four
track filter designs with 200 Monte Carlo runs. (f) Implement an IMM estimator with two NCV
filters and compare its performance with that of the NCV filters. Use the NCV filter formulation
of (d) and use the process noise covariance the minimizes the MMSE as the maneuver model.
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