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7. A .  Signal Representation 
Consider  an  array  of L ominidirectional  elements  immersed 

in  the far field of a  sinusoidal  point  source  of  frequency fo. 
Assuming the  center  of  the  coordinate  system  as  time 
reference,  the  signal on the lth element  of  the  array  can  be 
expressed  in  the  complex  notation [24] as 

where nl is  the  random-noise  component on the  Ith  element 
and  it  is  assumed  to  have  the  following  statistics: 

E[n&)]=O, 1=1, 2, *.., L (2) 

r/ is  the  position  vector  of  the f t h  element, v(4, 0) is  a  unit 
vector in the  direction  of  source (4, 0) as  shown  in  Fig. 1, u 
represents  the speed of  propagation  of  the  plane  wavefront,  dot 
( - )  represents  the  inner  product, and m(t) is a complex  low- 
pass  process  with 

E[m(t)] =o 
E[rn(t)m*(t)]  =ps 

where ps is  the  source  power and * denotes  the  complex 
conjugate. xn(t) in (1) represents  the  component  of  directional 
interference  induced on the  lth  element. 

Let an L dimensional  vector X(t) represent  the L signal 
waveforms  derived  from L elements  of  the array, that  is 

X ( t )  P [Xdt),  x2(0, * * * 9 XL(t)l (7) 

and  an L dimensional  vector W represents  the  weights of the 
beamformer  shown  in  Fig. 2, that  is 

WA[Wl, w2, .-., W L ] T  (8) 

where  the  superscript T denotes  the  transpose.  Let q ,  1 = 1 , 
2, - * a ,  L be  the  phase  delays to steer  the  array in the  look 
direction.  The  phase  delays are chosen  such  that the L output 
waveforms  of  the  phase-shifted  elements  due to a  source  in  the 
look  direction  are  identical.  For  example,  the  array  is 
presteered  in  the  direction of the  source (40, 0,) by choosing 

al=27i5,7,(60, eo), [= I ,  2, -., L. (9) 

Let  an L x L dimensional  diagonal  matrix a0 be  defined as 

+err A exl, (j4. (10) 

From  Fig. 2 an expression  for  the  output y(t)  is  given  by 

(xIl* YQ' zp) 
location of 
Ilth element \ 

Fig. 1. Definition of coordinate system. 
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Fig. 2. Beamformer structure. 

where  the  superscript H denotes  the  complex-conjugate 
transpose. 

If the  components of X(t)  can be  modeled as zero-mean 
stationary  processes,  then  for  a  given W the mean output 
power  of  the  processor  is  given by 

where E(  * )  is  the  expectation  operator  and R is the  array 
correlation  matrix  defined by 

R AE[X(t)XH(t)]. (13) 

From (l), (3), (6), (3, and  (13) it follows  that 

R =psSoSoH + oW21+ RI (14) 
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where RI is  the array correlation matrix  due to interferences  that is 
only, I is an identity  matrix,  and So is an L dimensional  vector 
defined  as D=- P W  

2 '  (25) 
so A rexp di24ln (40,00)), * - - Y exp (JW3n(40, f30))IT 

U W  

Let  denote the total  output  noise  power  of  the  optimal 
(15) processor, that is 

and is called  steering  vector [25] , [26]. 
From (12) and (14) it  follows  that 

P N A P I I $ P ~ .  (26) 

Substituting  for PI and Pw in (26), one obtains after  manipula- 

(16) 

B. Optimai Processor 
Let fi represent the weights of the  processor  shown  in  Fig. 

2 when  it  maximizes  the  output S N R .  These  weights are 
referred  to as the optimal  weights,  and  the  processor with 
these  weights is referred to as the  optimal  processor. An 
expression for the  optimal  weights is given  in [ 121 and [13]. 
For  the  processor  with  unit  response  in  the  look  direction it 
becomes 

III. RANDOM PHASE  ERRORS 
In this section the effect of random  phase errors on the 

performance of the optimal  processor is studied.  The  phase 
shifters with  random  phase errors  are termed  as  "actual  phase 
shifters"  and the processor in this case is termed as "optimal 
processor with  phase errors" (OPPE). It is  assumed  that 
random  phase errors which exist in the  phase shifters can be 
modeled as stationary  processes of zero mean  and equal 
variance and are uncorrelated from each  other. 

Let 6/, i = 1,2, - - - , L represent  the  phase error in the  fth 
phase shifter. By assumption 

where RN is the array correlation  matrix of interference and 
white  noise  only,  that is 

E[6/ ]=0 ,  i=1 ,  2, e.., L 

where Substituting ip for (Po in (19) and taking expectation  over 

One  notes from (20) that the output signd power PsL output 
white  noise  power Pw, and  output  interference  power PI of the 
optimal  processor are given  by 

SoHR~-'R~RN- 'So 
PI= (24) 

Note from (23) that B is the ratio of the  output  white  noise 
power  of  the  optimal  processor to the input  white  noise  power, 

(SO Hl?N- 'SO) ' 

random  phase errors, one obtains an  expression for the  mean 
output  power P of the OPPE: 

P=psWHE[@HS&oH@] W+ WHFVuW2 + FVHqipHR@] FV. 

(32) 

It  follows from (32) that  the  output  signal  power ps, white 
noise  power pw, and the interference  power PI of OPPE are 
given  by 

where 11 11 denotes  the  Euclidian  norm of a vector.  Comparing 
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(23) and (34), one  notes  that  the  output  white  noise  power  is Thus  the  output  signal  power of OPPE  is  suppressed.  The 
not affected by the  random errors in the  phase shifters. The suppression of the  output  signal  power is proportional to the 
effect of random  phase errors on  the  output  signal  power  and input  signal  power  and the variance of the  random errors. In 
output  interference  power is now examined. the  presence of directional interference, 0 increases  and  thus 

the  reduction  in  the  signal  power is less than otherwise. In 
A .  Signal  Suppression other words,  the  signal  suppression is maximum in the absence 
Rewrite (33) in the  following  form: of directional interference and is given  by the second  term in 

the RHS of (43). 

(36) B. Residual  Interference  Power 
Rewrite (35) in the  following form: 

Substituting for 9 and So in (36), one  obtains after rearrange- 
ment 

L 

l?~*E[@~~*Rnk@kk] Gk. 

L 
I& 

ps=Ps $Z* gkaexp ( - j (&/ -  6k)I Using (lo), (30), and (31) in (44), one obtains 
I& 

(44) 

using 
L 

= G/*@O/I*~nk@OkkGk~[exp (j(6k - A/))] 
z2 z3  
2! 3! 

exp ( z ) = l + z + - + - + - * * .  (38) 

The first term in  the  right-hand  side (RHS) of (37) becomes 

I=k 

f ~/*@O/I*RZ/~@Okk~k~[exp j(6k - 61)1* (45) 
I#k 

Ps G/* Gkaexp (j(6k - 63)1 
Noting  that  the  diagonal  entries of Rz  are the  sum  of  total 
directional  interferences  power pz, the first term  in  the RHS of 
(45) reduces topzll mI .  Following  the  steps (38)-(40), the  second 
term in the RHS of (45) becomes (1 - u2)[ @H@oHRz@o @- 

I #k  

l#k  Pzll m 1 .  Thus 

where pz is  the  total  power of the directional  interferences  at 
-the input of the  processor  and Pz is the  residual  interference 
power of  the optimal  processor. 

=ps(l-a2) G/*Gk-ps(l-(T2) x $/*$k C. Array Gain 

u I =  k In this section  the  effect of random  phase errors on the array 
gain  of  OPPE is examined. The array-gain is defined to be the 
ratio of the  output SNR to the input SNR, that is, 

where C is an L dimensional  vector of l's, that is, output S N R  
input S N R  CT=[l, . - e ,  11. (41) Array Gain2 

Noting  that the second  term in the RHS of (37) is psll WI, one 
obtains from (17), (21), (37), and (40) 

Let SfijRo be the  output  SNR  of  OPPE.  Thus 

Ps=Ps -Pd( l  -0)s ., Ps (42) s w = - =  
P N  

Note  that  in the absence of directional  interferences 0 = 11 ml 
= 1/L and (42) becomes  where 

L-1 
L R=Ps-Ps - U2. 
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Substituting from (34) and  (47)  in (50) and  using (21), (23), 
(a), and (26), one  obtains after manipulation 

is  the array gain  of the optimal  processor. 
From (42), (49), and (51) it  follows  that 

(53) 

If G denote  the array gain of OPPE, then it  follows  from  (47), 
(52), and (53)  that 

G=G l+uZ(p-l) 
1 + u2(Gp- 1) * 

(54) 

(55) 

G2AG[o=.2. (56) 

A simple  algebraic  manipulation  using  (54)-(56)  shows  that 
for 

Thus  the array gain of the  optimal  processor  with  random 
phase errors is a monotonically  decreasing  function of  the 
variance of the error. In the  next  section the results  presented 
in this section are compared  with  the  result on the  steering- 
vector error [23]. 

IV. COMPAFUSION WITH THE STEERING-VECTOR 
ERROR RESULTS 

In this section a comparision  between  the  effect of the 
random  phase-shifter errors and the effect of  the  random 
steering-vector errors on the performance of the  optimal 
processor is made. The result  on the steering-vector errors is 
derived in [23]. The steering-vector errors are modeled  [22], 
[23] as additive  components to the  steering  vector in the look 
direction, that  is 

S=s,+r (59) 

where f is the  estimated  steering  vector which is used in 
computing the optimal weights and I' is the  vector of random 
errors. It is assumed  that 

and 

Table I compares  both the results. For  the  purpose of the 
comparison, the results in both  the  cases are presented  relative 
to the corresponding error-free values and thus are referred to 
as  normalized.  One  'observes  the  following  from  the  compari- 
son. 

1)  The  output  signal  power  decreases  with  the  increase in 
the  variance of the phase-shifter errors if 6 < 1, whereas  in 
the case of the  steering  vector errors it is a monotonically 
increasing  function of the  variance of the errors. Note  that for 
white noise  only 6 = 1 / L .  

2)  The  output  white  noise  power is not affected with the 
phase-shifter errors. 

3)  The  total  output  noise is a monotonically  increasing 
function of the variance of the  steering-vector errors, whereas 
the total output  noise  power  decreases  with the increase in  the 
variance of phase-shifter error if flc < 1. 

4) The array gains in both the cases are monotonically 
decreasing  functions of the  variance of random errors. 

V. PHASE QUANTIZATION ERROR 
In this section a special  case of random error, namely, the 

phase  quantization error, which arises in digital  phase  shifters 
is considered. In a p-bit phase shifter the minimum value  of 
the  phase  which can be  changed is 27r/2p.  Thus  it is assumed 
that  the error which  exists  in a p-bit digital  phase shifter is 
uniformly  distributed  between 

and 

For an  uniformly  distributed  random  variable x in the  interval 
( - C, C), it can easily be  verified  that 

C2 

3 
E[x2] =- . 

Substituting for 

one  obtains an expression for the variance up2 of the error in a 
p-bit phase shifter, which is given  by 

-2 

Substituting up for u in (42), (51), (53), and (54), one  obtains 
the  following  expressions  for the output  signal  power,  output 
noise  power,  output SNR, and the array gain as a function  of 
the  variance of the  phase  quantization error: 

R=Ps[ l -  up2(1 -6)l (64) 
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TABLE I 

283 

Type of error Phase-shifter error Steering-vector error 

Normalized output signal power (1 +u?@-uz) (1 + us2@) 

Normalized output white  noise power 1 1 + uS2P~’  tr (RN-’RN-’)l/@ 

Normalized  total output noise power (1 + d @ G  - uz) [ I +  U S 2 F ~  tf’ (R,v- ’)] 

Normalized array gain 

and 

VI. CONCLUSION 
The  paper  has  considered  the  random  phase errors in  the 

phase  shifters which are  used  in  an  antenna  array to steer  the 
beam  in  the look direction,  and  has  analyzed  the  effect of these 
errors on the  performance  of  the  optiryal  processor which 
maximizes  the  output SNR. The  paper  has  derived  the 
expressions  for  the  output  signal  power,  residual  interference 
power,  output S N R ,  and  the  array  gain as a  function  of  the 
variance of the  random  phase errors. The  paper  has  shown  that 
the  output  signal  power  of  the  processor  gets  suppressed  in  the 
presence of random  phase errors and  the  suppression  is 
proportional  to  the  product of the  input  signal  power  and  the 
variance of the  raqdom  ei-ror.  It  is  shown  that  the  suppression 
is  maximum in the  absence of the  directional  interferences. 
The  paper  has  shown  that  output  white  noise  power  is not 
affected by random  phase errors and  the  array  gain of the 
processor is  a  monotonically  decreasing  function of the 
variance  of  the  random  phase errors. The  paper.  has also 
considered  the  phase  quantization error which arises in the 
digital  phase  shifters  and  shown how the performance of the 
optimal  processor  depends on the  number of the  bits of the 
digital  phase  shifter. 
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