
1

Learning-Aided Collaborative Caching in
Small Cell Networks

Avik Sengupta, SaiDhiraj Amuru, Ravi Tandon, R. Michael Buehrer, and T. Charles Clancy

Abstract—Caching enables reduction of peak backhaul load
in modern wireless systems by allowing popular files to be
pre-fetched and stored locally and closer to the network edge.
With the shift in paradigm from homogeneous to heterogeneous
cellular networks, data offloading to small cell base stations
(sBS) has garnered recent attention. Caching at the sBS can
help avoid bottlenecks in the capacity limited backhaul links to
the core network. In this paper, we study collaborative caching
strategies in a multi-sBS heterogeneous network with unknown
file popularities from a reinforcement learning perspective. We
present topology-aware uncoded and coded caching strategies
under a learning-aided framework where the file popularities are
dynamically learned over time by observing user requests. The
uncoded collaborative cache placement problem is NP-hard and
we propose a novel weighted graph-coloring and local search-
based approximation algorithm with an approximation ratio
of ( 1

3
− ε) for some ε > 0. Alternately, we formulate a coded

cache placement strategy which is shown to be a linear program
yielding an optimal solution. Through simulations we show that
the uncoded approximate caching algorithm performs close to
the optimal coded scheme when integrated with the learning
framework in the multi-sBS setting. We also show that for
network topologies of practical interest, the collaborative caching
strategies outperform local caching strategies.

I. INTRODUCTION

The dynamics of cellular traffic over wireless networks
has, in recent times, undergone a paradigm shift to become
increasingly content centric with high-data-rate multimedia
content distribution holding precedence. Thus it has become
imperative to streamline such content distribution over net-
works to enable maximum utilization of scarce spectrum
resources while ensuring high quality service to end-users.
To this end, caching has emerged as an important technique
for 5G wireless content distribution networks [1], particularly
in the paradigm of delay-insensitive video distribution and
streaming [2]. Caching can reduce network load by storing
popular content locally at network edge caches at the last
network hop. The content placement is generally performed
during times of low network load so that users can be served
directly from local edge caches when the traffic volume over
the network is high.

With the proliferation of heterogeneous wireless architec-
tures, caching large volumes of data at the network edge
has become a feasible means for load distribution over the
network. As a result, benefits of caching in modern wireless
network settings has been studied extensively in recent lit-
erature [3]–[16]. Recent works like [14]–[16] study caching
at mobile end-users from a novel information theoretic frame-
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work which has its roots in index coding and multicast delivery
to increase efficiency of content delivery over a single server
network. Caching in multi-sBS networks from an interference
management perspective was studied in [17]–[19] under uni-
form file (defined as a block of data) popularity distribution.
Information theoretic caching for non-uniform file popularity
was studied in [20]–[22] However, the problem of determining
the optimal content to cache in a practical network setting
when file popularity is unknown is a difficult one. In this work,
we consider this practical problem of caching popular content
at the network edge augmented by a framework for learning
the varying file popularity profile across users.

Heterogeneous networks, where small-cell base stations
(sBSs) like femto or pico-cells are connected to a central
cellular base station (BS), lend themselves to caching of data at
the network edge by equipping the sBSs with cache memories
for local, low-latency content dissemination. Distributed cache
placement in sBSs was studied in [2], [23], with an aim
to reduce the latency of file delivery to the end-users while
assuming that the popularity of files was known apriori at
the sBSs. However, such an assumption is unrealistic and
learning based caching frameworks were presented in [5]–
[9], [11]–[13] and references therein for the case of unknown
file popularity profiles. The authors in [5]–[7] presented a
multi-armed bandit [24], [25] based reinforcement learning
framework for cache placement in a single sBS network.
Transfer-learning based approaches for caching in small-cell
networks were studied in [11]–[13], where minimization of
backhaul load and the evaluation of time to achieve desired
learning accuracy under random caching were the main areas
of focus. These works, however, do not consider the problem
of caching for a multi-sBSs network under practical topologies
with overlapping connectivity to users under unknown file
popularity distribution. In this work, we study topology-
aware cache placement in a multi-sBS wireless network from
a reinforcement learning perspective. We ask the following
fundamental questions. Given a multi-sBS network topology,
per-sBS cache capacity and random file requests from users
based on an unknown file popularity profile - (i) what is the
best learning method with finite-time performance guarantees
for estimating the file popularity from observations of user
requests, and (ii) what is the best collaborative caching
strategy, such that a maximum number of requests can be
served directly from the sBS caches?

To address these questions, we formulate the learning-
aided collaborative caching framework for the multi-sBS
environment as shown in Fig. 1. We present novel topology-
aware caching strategies using a combinatorial multi-armed
bandit (CMAB)-based learning framework [25]–[28]. In real
networks, the file popularity profile could change over time
and hence it is necessary to learn it dynamically during the



TABLE I
TABLE OF NOTATIONS USED

S Set of N sBSs; U Set of K users
F Set of F files; n sBS Index
u User Index; f File Index
Sn n−th sBS; Sf Size of f−th file
G(S,U,E) Bipartite connectivity graph
N (u) sBSs serving user u (neighborhood of u)
U(S) Users connected to sBS S
dtf,n Average demand for file f at sBS n and time t
θf,n Popularity of file f at sBS n
Θn Popularity distribution of all files at sBS n
γ Skewness of ZipF popularity distribution
Cπ(t) F ×N caching matrix with elements cπf,n ∈ (0, 1]

caching procedure. The files to be cached are modeled as the
arms of a combinatorial multi-armed bandit (CMAB) problem
[26] in order to learn their popularity over time. The goal of
the caching strategy is to pick the best set of files at any time
t based on their estimated popularity so that the requests from
users can be directly served by the caches without accessing
the core network. Based on this network model, the following
are the main contributions of our work:

1. Learning Framework - We present a CMAB-based learning
framework for dynamically learning the file popularity dis-
tributions in a multi-sBS network setting. We show that the
bound on the sub-optimality gap of the proposed learning
algorithm at each sBS at time t scales as O(log(t)) i.e., the
sub-optimality gap scales logarithmically with time.

2. Collaborative Caching Framework - We formulate a novel
network topology-aware uncoded caching strategy where
entire files are cached at the sBSs. We show that the
uncoded caching problem is NP-hard and propose a novel
graph-coloring based algorithm which provides a

(
1
3 − ε

)
-

approximate cache placement solution in polynomial time
for some ε > 0. We also formulate a coded caching strategy
which allows fractional file placement. We show that this
strategy can be represented as a linear program which can
be solved optimally.

3. Through simulations, we present a detailed comparison of
the uncoded and coded collaborative caching schemes. We
show that for both coded and uncoded schemes, collabo-
rative caching generally outperforms naive strategies that
locally optimize the cache content at each sBS without
accounting for the network topology. We further show, that
in spite of using a greedy approximation algorithm, the
uncoded collaborative caching strategy performs similar to
the provably optimal coded strategy. This is attributed to the
fact that learning popularity using fractional placements is
harder than learning from placement of entire files in the
multi-sBS setting.

The paper is organized as follows: the network model is
detailed in Section II, followed by the learning-aided collab-
orative caching framework in Section III. Section IV presents
the CMAB-based distributed file popularity estimation and the
associated regret bounds. The uncoded and coded collaborative
caching strategies are designed in Section V. Numerical results
are presented in Section VI and finally Section VII concludes
the paper.
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Fig. 1. Network model for learning-aided collaborative caching in a small
cell network with a central BS, N = 6 sBSs and K = 12 users.

II. NETWORK MODEL

We consider a small cell network with a set of N sBSs, S =
{S1,S2, . . . ,SN}, connected to a central Base Station (BS). A
set of K users U = {U1, U2, . . . , UK} are located in an area
covered by the small cell network. Users can make random
requests from a directory of F files, f ∈ F = {1, 2, . . . , F},
where file f has size Sf units1. The central BS is considered
to have enough memory to store the entire file directory F.
Each sBS in the network has a cache memory that can store
M units of data. We assume that M ≥ minf∈F Sf i.e., the
sBS caches are large enough to store at least one whole file.
Each user can be served from the cache of one or more sBSs
in the network. If a user’s request cannot be serviced from
the caches of the sBSs to which it is connected, then it can
be downloaded directly from the central BS. This ensures that
all the users’ requests are serviced. However, the objective
is to enable loacalized content delivery with minimal use
of backhaul resources. Therefore, the optimal caching policy
ensures that maximum number of user requests can be serviced
locally from the sBS caches at the network edge, thereby
alleviating load at the central BS. An example small cell
wireless network architecture with N = 6 sBSs and K = 12
users is shown in Fig. 1. The central BS is connected to sBSs
via wireless (or wired) backhaul links.

A. Network Connectivity

The connectivity of the users and sBS within the network
can be modeled as a bipartite graph G = (S,U,E), where the
edges (Sn, u) ∈ E if there exists a communication link, subject
to physical layer constraints (i.e., the user is not in outage
based on path loss, shadowing etc.), between user u and the
n-th sBS Sn. N (u) ⊆ S denotes the neighborhood of user u
i.e., the sBSs that can serve the user (or conversely, the sBSs
to which the user is connected). For example, from Fig. 1,
N (U1) = {S1} while N (U3) = {S2,S4}. On the other hand,
the neighborhood of the nth sBS i.e., the number of users
connected to sBS Sn is denoted by U(Sn). For example, in
Fig. 1, U(S1) = {U1, U4, U5, U9} and U(S2) = {U2, U3, U8}.
We also assume that the central BS has complete network
knowledge.

1The unit of file size can be Megabytes or Gigabytes depending upon the
networks under consideration. We keep it generic for our exposition,
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B. Model for File Popularity

The popularity of files (e.g., videos) in a multimedia content
distribution network is generally modeled as a ZipF distribu-
tion [29], [30] where the mean demand (number of requests)
for a file f at any sBS Sn can be modeled as:

θf,n =
f−γ∑F
k=1 k

−γ
, (1)

where θf,n ∈ [0, 1] and γ models the skewness of the pop-
ularity profile. For example, γ = 0 models a uniform file
popularity profile and as γ increases the skewness increases.
The file popularity distribution at Sn is denoted by Θn =
{θ1,n, θ2,n, . . . , θF,n}.

In practical settings, the distribution Θn, ∀n ∈ {1, . . . , N}
is unknown. Therefore, in this work, we empirically estimate
the mean demand for each file at every sBS based on obser-
vations of user requests over a period of time. To this end,
let dt,uf,n ∈ {0, 1} be an indicator variable such that dt,uf,n = 1
when a user u in the neighborhood of sBS Sn i.e., u ∈ U(Sn)
requests the file f at time t. Let

dtf,n =
1

|U(Sn)|
∑

u∈U(Sn)

dt,uf,n, (2)

indicate the instantaneous demand for file f ∈ F, averaged
over all users served by sBS Sn. |U(Sn)| is the cardinality
of the set U(Sn). The instantaneous demand dtf,n is an i.i.d
random variable with an empirical mean

θ̂f,n = E
[
dtf,n

]
(3)

which is bounded in support
[
0, 1
]

and the expectation is over
the random user requests at time instants 1, 2, . . . , t. In other
words, the mean θ̂f,n signifies the empirical popularity of the
f -th file at the n-th sBS Sn i.e., the average number of per-
user requests for the file f at Sn (from the users in U(Sn))
till time t. Thus, although the true popularity distribution Θn

is unknown, we estimate the file popularity distribution Θ̂n =
{θ̂1,n, θ̂2,n, . . . , θ̂F,n} at Sn based on the user requests up to
time t. In the next section we introduce the learning framework
for collaborative caching in a multi-sBS environment.

III. LEARNING-AIDED COLLABORATIVE CACHING

In multimedia content distribution networks, files generally
have varying popularities i.e., a few files in the system are
highly popular (e.g., viral YouTube videos) while others are
requested less frequently[20], [31]. The resulting popularity
profile is accurately modeled by the heavy-tailed ZipF distri-
bution [20], [29], [31]. In order to design efficient caching
and delivery policies such that majority of the requested
content can be delivered locally, reliable estimation of the file
popularity over time is required at each sBS. To address this,
we introduce a topology-aware learning-aided collaborative
caching framework. Over learning iterations (time), the central
BS receives feedback from the sBSs about the performance
of the caching policy. Performance is measured in terms of a
reward i.e., the amount of data which is downloaded from an
sBS in servicing the requests of connected users. Similarly, the
sub-optimality gap of the learning process is defined as regret
[25]. Traditional learning techniques such as Q-Learning, ε-
greedy learning etc. provide only asymptotic convergence

guarantees [32]. However, in a caching framework, such
asymptotic guarantees (when the number of observed user
demands goes to infinity) are not sufficient.

To this end, we model the popularity estimation and cache
placement as a Multi-Armed-Bandit (MAB) problem [25],
allowing us to present finite time guarantees on the learning
performance. In this setting, the files f ∈ F are treated as the
arms and caching a file at a sBS is equivalent to pulling an arm
in a MAB framework. The caching of files at each sBS enables
estimation of file popularity by observing the rewards obtained
in return i.e., by the amount of data which can be used from
the local caches to serve user requests. Since each sBS cache
can typically store multiple files, it is appropriate to model
the problem as a combinatorial MAB (CMAB) problem [5]–
[9], [26]–[28]. Under a combinatorial setting, a set of arms,
called a super-arm, can be pulled at a given time instant.
Thus for a cache placement policy which places multiple files
in the cache of Sn, the strategy at any time t is equivalent
to pulling a CMAB super-arm. A single-sBS CMAB based
caching framework was studied in [5]. Our work extends it to
a topology-aware multi-sBS network.

For CMAB-based learning, there is a tradeoff between the
exploration of new arms (i.e., caching new files to estimate
their popularity) and the exploitation of the known arms
(caching files that are known to have high popularity and
hence give higher rewards). In this work, we utilize the
exploration-exploitation tradeoff by use of the Combinatorial
Upper Confidence Bound (CUCB) algorithm [26], [27], which
provides finite time convergence guarantees. We propose a
distributed learning framework detailed in Algorithm 1, which
has two main parts:

1. Learning the File Popularity Distribution: A CMAB based
distributed popularity estimation runs at each sBS Sn to esti-
mate the empirical file popularity distribution Θ̂n, associated
with its users U(Sn). At time t, based on user demands
up to t− 1, it updates the popularity of every file that is
cached in the sBS. The updated popularity profile is used
in the subsequent cache placement by the central BS. The
learning framework is discussed in Section IV.

2. Collaborative Cache Placement (CCP): The central BS
takes the CMAB based popularity profile from the sBSs
as input and designs cache placement strategies by jointly
maximizing the sum reward of the sBSs. The cache place-
ment can be uncoded where entire files are cached at the
sBSs or coded where files are sub-packetized and fractions
of files are allowed to be cached. Details on the design of
both uncoded and coded collaborative cache placement are
discussed in Section V.

We next present a detailed analysis of the learning-aided
collaborative caching algorithm.

IV. LEARNING THE FILE POPULARITY DISTRIBUTION

In this section, we present the CMAB based framework for
learning the file popularity distribution. First, we define the
caching model, present the CUCB based learning algorithm
and finally, derive finite time performance guarantees for the
learning step in Algorithm 1.
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Algorithm 1 LEARNING-AIDED COLLABORATIVE CACHING

DISTRIBUTED POPULARITY ESTIMATION AT SBS:
1: for Each sBS Sn ∈ S at time t do
2: for Each file f ∈ F do
3: if File f is cached i.e., cπf,n(t) ≥ 0 then

Tf,n = Tf,n + 1

where, Tf,n is the number of times file f (or a
fraction of file f ) is cached in Sn upto t.

4: else if for any u ∈ U(Sn), ∃ Sn′ ∈ N (u) \ {n},
cπ
f,n′

(t) ≥ 0 , update Tf,n = Tf,n + 1.
5: end if
6: Update the mean demand:

θ̂f,n =

∑t
i=1 d

i
f,n

t
where,

∑t
i=1 d

i
f,n is the cumulative sum of

requests for file f from users u ∈ U(Sn) until
time instant t.

7: Calculate CMAB Index:

θf,n = θ̂f,n +

√
Ψf,n log (|U(Sn)|t)

2Tf,n
|U(Sn)| indicates cardinality of U(Sn)

8: end for
9: Feedback Θn = [θ1,n, θ2,n, . . . , θF,n] to central BS.

10: end for
TOPOLOGY BASED COLLABORATIVE CACHING:
11: Caching Strategy at time t+ 1:

[Cπ(t+ 1)]F×N = CCP
(
Θ1,Θ2, . . . ,ΘN

)
12: Observe actual user requests dt+1

f,n at time (t+ 1)

13: Return to Step 1 and update Tf,n’s and Θn’s for the next
time step (t+ 1)

A. The Cache Placement Model

In this work, we consider a Collaborative Cache Placement
(CCP) policy π which determines the optimal content to be
cached at each of the N sBSs in the network. The objective
of the policy π is to place files in the caches of the sBSs
based on the network topology and empirical history of user
demands (file popularity) such that maximum number of file
requests can be downloaded directly from the sBS caches. Let
the F ×N binary matrix Cπ(t), denote the collaborative cache
placement by the policy π at time step t. Let

[Cπ(t)]F×N = [cπ1 (t), cπ2 (t), . . . , cπN (t)], (4)
where cπn(t) is the F × 1 cache placement vector for the sBS
Sn and cπf,n ∈ [0, 1] are the elements of cπn(t) such that, at a
time step t,

cπf,n(t)

{
≥ 0 if file f is cached at Sn
= 0 otherwise

(5)

In our problem formulation, we define caching as placement
of a whole file or any fraction of a file in the cache of the
sBS i.e., cπf,n denotes the fraction of file f cached at Sn. At
t = 0, we consider that the caches of all sBSs are empty i.e.,
Cπ(0) = [0]F×N .

B. CMAB aided File Popularity Estimation

The CMAB based file popularity estimation at each sBS
gets as reward, the amount of data downloaded from the

sBS cache to serve the requests of its users. By tracking
the reward for cache placement over time, the sBS aims to
learn the optimal cache placement policy π. The algorithm is
initialized by sequentially placing each file once in the cache
of each sBS. At time t, sBS Sn learns the file popularity
distribution i.e., the empirical mean of the instantaneous
demands Θ̂n = {θ̂1,n, θ̂2,n, . . . , θ̂F,n} based on the history of
instantaneous demands, d1

f,n, d
2
f,n, . . . , d

t
f,n, upto time t and

the cache placement by the CCP policy π at time t i.e.,
cπf,n(t) ∈ Cπ(t), f ∈ F. To this end, a CMAB index θf,n is
calculated for each file f ∈ F. The CMAB index has two
components:

1. The empirical mean of the instantaneous demand θ̂f,n
derived from the observation of user requests over time.

2. An additive perturbation factor√
Ψf,n log (|U(Sn)|t)

2Tf,n
, (6)

where |U(Sn)| is the number of users connected to Sn and
Tf,n denotes the number of times a file f ∈ F has been
cached in Sn until time t. The factor

Ψf,n =
δ

|U(Sn)|

(
|U(Sn)|Sf

F γ

)2

(7)

is directly proportional to |U(Sn)| and a roll-off factor
δ (which is usually set to 3 [5], [25]), and inversely
proportional to the skewness factor γ of the ZipF based
model of the file popularity profile. The factor γ can be
empirically estimated as in [29] from the observations of
the instantaneous file demands dtf,n over time. We show in
Section IV-C that the sub-optimality of the learning process
scales linearly with Ψf,n for the proposed collaborative
caching algorithm.

The perturbation factor in the CMAB index in (6) promotes
exploration and exploitation based on the number of connected
users, the size of each file and the Zipf parameter γ. It
promotes exploration by forcing the CCP to place less-often-
cached sets of files (for which Tf,n is low) in the caches by
increasing their index value. This promotes sufficient sampling
of lesser requested files in order to accurately evaluate their
popularity. It also promotes exploitation when |U(Sn)| is large
i.e., Sn has a large user-set and also when the popularity profile
is skewed i.e., when γ is large and there are few popular files
in the system. Once, the sBSs calculate the local index values
Θn, this information is fed back to the central BS where the
CCP policy π determines the caching strategy Cπ(t).

Remark 1 (Topology-Aware Tf,n Update). In this work, we
use a unique topology-aware Tf,n update procedure which
helps in capturing the interaction of users who are connected
to multiple sBSs. At Sn, let a user u request a file f ∈ F.
If the file is not cached at Sn i.e., cπf,n(t) = 0, then we
consider the caches of all other sBSs in the neighborhood of u:
Sn′ ∈ N (u) \ {Sn}. If f is cached at any of these sBSs i.e., if
the user’s request is satisfied by any other sBS, then we update
the Tf,n for the sBS Sn as well. As opposed to the single
sBS learning in [5], this leads to a topology-aware learning
framework which can account for the network connectivity.
Note that at any time-step t, Tf,n ≤ t still holds. �
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C. Upper Bounds on the Regret for Algorithm 1

In order to derive finite time performance guarantees on
the learning step of Algorithm 1, we first formally define
the concept of reward and regret (sub-optimality gap) for the
caching framework under consideration.

1) Reward: For the policy π, with a caching strategy cπn(t)
at sBS Sn at time step t, we define the instantaneous reward
for caching a file f in Sn as:

rtf,n =
∑

u∈U(Sn)

dt,uf,nc
π
f,n(t)Sf

= |U(Sn)|dtf,ncπf,n(t)Sf = |U(Sn)|dtf,nS̃f,n, (8)
which indicates that a reward of S̃f,n = cπf,n(t)Sf is obtained
when cπf,n(t) fraction of a file f requested by a user u is
available for download from a local cache. The reward is
proportional to the amount of data downloaded from the cache.
At time t, the expected accumulated reward, RΘ̂n

(cπn(t)),
is obtained by taking an expectation over the instantaneous
rewards up to time t:
RΘ̂n

(cπn(t))

(a)
= E

 ∑
f :cπf,n(t)>0

rtf,n

 = E

 ∑
f :cπf,n(t)>0

|U(Sn)|dtf,nS̃f,n


(b)
= |U(Sn)|

∑
f :cπf,n(t)>0

θ̂f,nS̃f,n, (9)

where, in (a), the expectation is taken over the i.i.d instanta-
neous file demands dtf,n and (b) follows from the definition
of empirical estimate of mean demand in (3). The objective
of Algorithm 1 is to maximize the expected reward for all
time instants 1, 2, . . . , t. We define the optimal reward, Ropt

Θn
,

as the expected reward obtained when the CCP policy π
caches the optimal set of files when the true popularity profile
Θn = {θ1,n, θ2,n, . . . , θF,n} is perfectly known at the BS.

2) Regret: The regret of the CCP policy π at a time
instant t is defined as the difference between the expected
accumulated reward obtained by the caching policy and
the optimal expected reward Ropt

Θn
. Assuming that policy π

uses an (α, β)−approximation cache placement algorithm i.e.,
Pr
[
RΘ̂n

(cπn(t)) > α ·Ropt
Θn

]
≥ β, the regret at a finite time

horizon t = T is given by:

RegπΘn,α,β(T ) = TαβRopt
Θn
− E

[
T∑
t=1

RΘ̂n
(cπn(t))

]
, (10)

where the expectation is over policy π and all the rewards
generated by files cached by cπn(0), cπn(1), . . . , cπn(T ).

A caching strategy cπn(t) is defined to be α-sub-optimal if
the reward obtained by the strategy is less than α fraction of
the optimal reward:

R(cπn(t)) < α ·Ropt
Θn
.

Let ∆f
n,max be the difference in expected reward between

the optimal caching strategy and the worst α-sub-optimal
caching strategy in which file f is cached at Sn i.e., it is
the sub-optimality gap of the strategy which yields the lowest
reward when file f is cached at Sn. Similarly, let ∆f

n,min be the
sub-optimality gap of the best α-sub-optimal caching strategy
i.e., the best strategy with reward less than α ·Ropt

Θn
in which

file f is cached at Sn. Also, let
∆n,max = max

f∈F
∆f
n,max.

be the worst sub-optimality gap across all files f ∈ F. Now,
define a counter Nb(t) which counts the number of times a
α-sub-optimal caching strategy is employed by the CMAB
algorithm upto a time instant t. Using techniques similar to
[26], we can derive an upper bound on the expected number
of α-sub-optimal periods at a finite time horizon t = T :
Nb(T ) ≤ (1− β)(T − F ) +

2F

ζ(Ψf,n − 1)

|U(Sn)|Ψf,n
+ ∆n,max

∑
f∈F

Ψf,n log(|U(Sn)|T )

(g−1(∆f
n,min))2

 ,
(11)

where g(·) is a strictly increasing, invertible function2 such
that for any two popularity distributions Θ and Θ

′
, we have

|RΘ(cπ(t))−RΘ′ (c
π(t))| ≤ g(Λ) if maxf∈cπ(t) |θf − θ

′

f | ≤
Λ. From (11), we can see that the number of α-sub-optimal
periods scales logarithmically with time T . The following
Lemma gives an upper bound on the regret for the n-th sBS
for the Collaborative Caching Algorithm (Algorithm 1).
Lemma 1. At each sBS, the regret at time t = T , when using
an (α, β)−approximation CCP algorithm, is upper bounded
by:

RegπΘn,α,β(T ) ≤
∑

f∈F,∆f
n,min>0

2Ψf,n log (|U(Sn)|T )

(g−1(∆f
n,min))2

·∆f
n,max

+

(
2ζ(Ψf,n − 1)

|U(Sn)|Ψf,n
+ 1

)
· F ·∆n,max, (12)

where ζ(x) is the Riemann Zeta function.

The proof is given in [33, Appendix A]. It can be seen from
(12), that the regret at each sBS scales as O (log [|U(Sn)|T ]).
Thus, when T >> |U(Sn)|, the loss due to lack of knowledge
of the true popularity distribution i.e., the regret, grows slowly
with T . We next present an example to illustrate the regret
bound, noting that the result holds for any arbitrary network.
Example 1 (Regret Bounds for 2 sBS, 3 User System). We
consider the network in Fig. 2(a). Let there be a library of 3
files F = {F1, F2, F3} with Sf = 1,∀f and let each sBS have
a cache size of M = 1. We also define a file popularity profile
Θn = {θn,1, θn,2, θn,3} such that γ = 2 and

θn,1 = θn,2 =
2

5
θn,3 =

1

5
, n = 1, 2.

For the system under consideration, the scaling factor Ψf,n at
each sBS is given by

Ψf,n = Ψn =
3

2
×
(

2× 1

32

)2

= 0.0741; f = 1, 2, 3. (13)

We assume a caching strategy where only whole files can be
cached i.e., cπf,n ∈ {0, 1}. Since the file F3 is the least popular
in both sBSs, lets assume that an optimal caching policy is as
shown in Fig. 2(a) i.e., S1 stores F1 and S2 stores F2. The
reward in this case is equal to θf,n since files have unit size.
In this case, by definition, the only non-zero ∆f

m,min,∆
f
m,max

are those corresponding to file F3 and given by

∆3
n,min = ∆3

n,max =
2

5
− 1

5
=

1

5
. (14)

2The function g(·) is a bounded smoothness function[26] which is an
artifact of the proof of the upper bound on the regret bound in Lemma 1.
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Fig. 2. (a) A collaborative caching set-up with N = 2 sBSs, K = 3 users, (b) Upper bound on regret vs. time.

Again for this example, we use g(x) = x or conversely
g−1(x) = x. Then at time t = T , we have

RegπΘn(T ) ≤ 2Ψn log(2T )

0.2
+

3

5

(
2ζ(Ψn − 1)

2Ψn
+ 1

)
. (15)

The upper bound on the regret is plotted as a function of time
t in Fig. 2(b). We also plot a bound for a case where the
number of users per sBS increases to 3. These are shown by
the blue curves. It is seen that the value of regret increases
with increasing users which is expected. But for both cases,
the regret grows slowly with large values of t. Thus in both
cases, the bound shows that with increasing t, the learning
converges and the regret grows only slowly with time. Further
we also generate some popularities using the Zipf distribution
[29] with varying skewness γ. The optimal placement in this
case is to place the most popular file in the cache. It can
be seen that as the skewness increases, the regret decreases
i.e., as fewer files become highly popular, it gets easier to
learn the optimal cache placement. Also, when γ = 0 i.e.,
every file is equally popular, the regret grows arbitrarily large
and optimal cache placement is difficult to learn. This will be
further illustrated in Section VI where we present simulation
results. �

Corollary 1 (Overall Regret). The system regret over all the
N sBSs is upper bounded by:

N∑
n=1

[ ∑
f∈F,∆f

n,min>0

2Ψf,n log (|U(Sn)|t)
(g−1(∆f

n,min))2
·∆f

n,max

+

(
2ζ(Ψf,n − 1)

|U(Sn)|Ψf,n
+ 1

)
· F ·∆n,max

]
(16)

From Corollary 1, we can see that the overall regret for the
multi-sBS system with N sBSs is the sum of the regrets of
the individual sBSs. Thus, if the CCP policy π intelligently
places content such that a user u with multiple connections
can download its requested content from any one of its
connections, then the regret for all the sBS in N (u) also
decreases. This is one of main design goals for the CCP
solvers as discussed in the sequel. In the next section we
detail the design of the CCP policy π which chooses the joint
caching strategy at the sBSs accounting for the topology of
the network.

V. COLLABORATIVE CACHE PLACEMENT

In this section, we detail the design of the collaborative
cache placement (CCP) policy π which enables the central
BS to determine joint caching strategies at the sBSs. The CCP
in Algorithm 1 assumes full topological knowledge and takes
as input, the CMAB indices, Θ1,Θ2, . . . ,ΘN at time t. The
caching strategy Cπ(t) determines which files are cached in the
sBSs for servicing the user requests at time t+ 1. The CCP in
Algorithm 1 produces an (α, β)−approximate solution i.e., an
α−approximate solution for at least β fraction of time. Thus,
for an optimal caching scheme, we have α = β = 1. However,
as discussed in the following subsection, not all caching
policies lend themselves to optimal solutions in polynomial
time and hence the use of an (α, β)−approximation algorithm
is assumed for generality. It is to be noted that for the regret
bound in Lemma 1, the terms ∆f

n,max,∆
f
n,min are dependent

on α while the expected number of α-sub-optimal periods in
(11) scales with β. Therefore, we should aim to use cache
placement algorithms with β = 1 and α close to 1. We next
highlight two different caching strategies considered in this
work and comment on the α, β values for both:

1. The first is an uncoded caching strategy where whole files
are stored in the sBS caches. We show that this is an NP-
hard problem and propose a novel graph-coloring based
approximate solution.

2. The second is a coded caching strategy where files are
encoded using rateless-codes [2], [9], [34] thereby enabling
fractions of files to be stored in caches. We show that, in
contrast to the uncoded caching problem, this strategy leads
to a concave reward function and the cache placement for
reward maximization yields an optimal linear programming
solution.

In the following discussion the indexing on t is dropped
for simplicity. We assume that user requests and the data
downloaded from the caches to satisfy these requests, at time
t, are observed. The demands are then updated for the cache
placement phase at the next time instant t+ 1.

A. Uncoded Collaborative Caching Strategy

We first formulate the optimal uncoded caching strategy
where entire files are cached at the sBSs. In order to facilitate
learning, the CMAB indices Θn are used as a proxy for the
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true popularity of all files f ∈ F at the sBSs Sn. Based on
this acquired knowledge, the average reward for each user u
in the network (upto the current time step) can be defined as:

R
f

u = max
n∈N (u)

θf,n · Sf · cπf,n, (17)

where cπf,n are constrained to be binary variables i.e., cπf,n ∈
{0, 1}. They are the elements of the F ×N cache assignment
matrix Cπ and cπf,n = 1 denotes that the file f is cached at
Sn. The reward formulation is such that for a user connected
to multiple sBSs, the obtained reward is maximized when the
requested file is placed in the sBS where it is most popular
i.e., the sBS with the highest θf,n. Additionally, in case the file
is placed in multiple locations, the max(·) ensures that only
the reward based on the most popular location is counted. As
a result, the proposed reward function implicitly encourages
the placement of a file f requested by user u at the sBS in
N (u) where the popularity of the file is the highest.

The optimal uncoded cache placement maximizes the sum
reward of the users in the network. The cache placement is
formulated as the following binary integer program subject to
cache memory constraints at each sBS:

UNC-1: max
Cπ

∑
u∈U

F∑
f=1

R
f

u s.t.
F∑
f=1

cπf,n · Sf ≤M, ∀n.

The optimal cache placement Cπ in UNC-1 that maximizes
the sum reward of the multi-sBS network ensures that there is
minimal repetitive placement of a file f in the system by virtue
of the max(·) function in the reward. The caveat remains that
repetition might be necessary to account for similar requests
from users not connected to the same sBSs. The formulation is
flexible in this regard by allowing repetition since the overall
reward is the sum of rewards for each user in the network.
Thus our formulation utilizes the network topology to optimize
the cache placement at the sBSs.

Lemma 2. The binary integer program UNC-1 is NP-hard.

Proof. The lemma can be proved by showing that specific
instances of the problem is NP-hard. Consider the two network
examples presented in Fig. 3. Network Example 1 represents a

Fig. 3. Network Topology Examples

network topology where every sBS has its own set of users and
each user is connected to only one sBS. Under this topology,
the multi-sBS cache placement problem reduces to solving N
single sBS problems of the following form subject to the cache
storage constraint of UNC-1:

max
Cπ

N∑
n=1

∑
u∈U(Sn)

F∑
f=1

θf,n · Sf · cπf,n. (18)

Each of the single-sBS placement problems are NP-hard
Knapsack Problems [35] with values θf,nSf and weights Sf .
Again, Network Example 2 shows the case of a fully connected
network, where all users are connected to all sBSs. In this
case, solving UNC-1 becomes analogous to solving a single
sBS problem but with a cache size of NM units. This is
also a Knapsack problem and is NP-hard. Since these two
special cases of UNC-1 are NP-hard, UNC-1 itself is NP-
hard. Specifically, UNC-1 is an example of a the Generalized
Assignment Problem (GAP) [36]. This concludes the proof of
the lemma. �

Since UNC-1 is NP-hard, we next formulate an approxima-
tion algorithm which runs in polynomial time. We propose a
novel graph coloring based approach for reducing the given
cache placement problems to multiple sub-problems where
each sub-problem can be cast as a Separable Assignment
Problem (SAP) [37] which yield

(
1− 1

e

)
−approximations but

in exponential time. For this work, we use a local-search based
ε−greedy polynomial time approximation algorithm for each
SAP for some ε > 0.

B. An Approximation Algorithm for Uncoded Caching

In this section we present a novel approximation algorithm
for UNC-1. The algorithm stems from two key ideas namely:

1. The N sBSs are divided into groups such that sBSs within
each group have a high number of common users. This
reduction helps in grouping sBSs such that each group of
sBSs can be treated as a single contiguous cache.

2. Within each group, a variant of the UNC-1 problem is solved
with an added constraint that files cannot be replicated
across the sBSs. This converts UNC-1 to an SAP and was
originally studied in [37].

Next, we discuss the two steps in detail. To this end, consider
a reduction of the original NP-hard GAP problem UNC-1 to
a related problem whose solution upper bounds the solution
of UNC-1 subject to the same constraints:

max
Cπ

∑
u∈U

F∑
f=1

max
n∈N (u)

θf,n · Sf · cπf,n

(a)

≤ max
Cπ

∑
u∈U

N (u)∑
n=1

F∑
f=1

θf,n · Sf · cπf,n

(b)

≤ max
Cπ

N∑
n=1

∑
u∈U(Sn)

F∑
f=1

θf,n · Sf · cπf,n

(c)
= max
Cπ

N∑
n=1

|U(Sn)|
F∑
f=1

θf,n · Sf · cπf,n, (19)

where, (a) follows from replacing the max(·) function with
the sum over all the sBS Sn ∈ N (u), and (b)-(c) follows from
reversing the order of summation in (a). Note that the term
within the first summation in (19) is the expected accumulated
reward from (9). The problem in (19) is still a GAP and hence
NP-hard.

In order to simplify the problem in (19), it is divided into
sub-problems such that each sub-problem deals with a group
of sBSs. We aim to identify sBSs with common users which
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Fig. 4. Illustration of the proposed W-DSATUR algorithm.

can be grouped together to act as a single cache. Thus, the
summation over n in (19) is divided into multiple sums:

max
Cπ

G∑
g=1

∑
n∈g
|U(Sn)|

F∑
f=1

θf,n · Sf · cπf,n, , (20)

where, G is the total number of groups of sBSs. Sub-problems
for each group g can then be solved individually. Now con-
sidering such a sub-problem, for sBSs which can be grouped
together into a single cache, each file f requested by a user
in the group will be placed in only one of the caches. Thus
assuming a group g of ñ (ñ ≤ N ) sBSs, the following problem
needs to be solved:

UNC-2: max
Cπ

ñ∑
n=1

|U(Sn)|
F∑
f=1

θf,nSfc
π
f,n

s.t.
F∑
f=1

cπf,n · Sf ≤M, ∀n ∈ g;

ñ∑
n=1

cπf,n = 1, ∀f. (21)

The additional constraint
∑ñ
n=1 c

π
f,n = 1, ∀f , ensures the

placement of each file in only one sBS within the group. The
optimization in (21) is a special case of the SAP presented in
[37]. We next present the graph coloring based sBS grouping
algorithm and then provide an greedy local search based
algorithm for caching within each group.

1) Graph Coloring based sBS Grouping: In order to fa-
cilitate the grouping of sBSs, first, a weighted connectivity
graph Gcon = (sBS, E) is constructed, where edges between
any two sBSs, (Si,Sj) exist if they have common users i.e.,
{U(Si)

⋂
U(Sj) 6= φ}. The weight of each edge wij is given

by the number of common users between Si and Sj . Since Gcon
is an undirected graph, wij = wji. Next we construct the com-
plementary connectivity graph Gcon = (sBS, E

′
) where edge

(Si,Sj) ∈ E
′

iff the edge between (Si,Sj) /∈ E. Note that
for any node Si in Gcon, the set of non-neighbors forms a set
of weighted neighbors in Gcon. Fig. 4 shows the construction
of the weighted connectivity and complementary connectivity
graph for the example network shown in Fig. 1.

Next, a k−coloring for the graph Gcon is obtained [38]. A
k−coloring is the assignment of k colors to the vertices of a
graph such that no two adjacent vertices have the same color.
Note that k = N signifies that Gcon is fully connected i.e., none
of the sBSs have common users as in Network Example 1 in
Fig. 3. Again for Network Example 2 in Fig. 3, Gcon will have
no edges and k = 1. Since these two are the extreme examples

Algorithm 2 W-DSATUR COLORING ALGORITHM

1: Arrange nodes in Gcon by decreasing order of degrees.
2: Color a node of maximal degree with color 1.
3: Choose a node Si with a maximal degree of saturation. If

there is an equality, choose any node of maximal degree
in the uncolored sub-graph.

4: if All non-neighbors of Si are uncolored then
5: Color Si with the least possible color.
6: else
7: Order all the non-neighbors, Sj , of Si in Gcon in

decreasing order of wij in Gcon.
8: Select the lowest ranked node in this list which is

colored with a feasible color. Assign the color of this
node to current node.

9: end if
10: If all the vertices are colored, stop. Else goto 3.

of topology, a real network is expected to have 1 ≤ k ≤ N
colors. For coloring the weighted Gcon, we propose a modified
version of the greedy degree-of-saturation (DSATUR) algo-
rithm [38] which accounts for weighted edges. The degree-
of-saturation of a node is the maximum number of unique
colors that can be found in the neighborhood of the node. In
this work, we propose the Weighted-DSATUR (W-DSATUR)
algorithm, presented in Algorithm 2, by incorporating the edge
weights wij of the original connectivity graph to color the
weighted complementary connectivity graph.

The W-DSATUR algorithm assigns integers 1, 2, . . . , k to
k colors and initializes by coloring the sBS with highest
degree in Gcon with the color numbered 1. In any given
iteration, W-DSATUR assigns to an uncolored node, the lowest
numbered color which is available i.e., which is not present
in its set of neighbors. For any uncolored node Si, we rank
all its non-neighbors, which are colored with an available
color, in decreasing order of the weights from Gcon and then
choose to assign the color of the node with highest weight
ensuring pairing of neighbors with highest common users.
The algorithm gives as an output, the set of colors for every
node in Gcon. Nodes with same color e.g., S1,S3,S4,S5 in
Fig. 4 have a set of common users and for the purpose of
collaborative caching, their caches can be grouped together
and file placement without repetition can be performed. The
total number of colors required to color Gcon is given by
χ(Gcon) i.e., the sBSs can be grouped into χ(Gcon) groups.
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2) Collaborative Caching within sBS Groups: After group-
ing, we consider χ(Gcon) different cache placement problems
of the form UNC-2 in (21) within each group. The per-group
sub-problems form a class of SAP and are NP-hard. In [37],
Fleischer et. al provide

(
1− 1

e

)
−approximation algorithms

for this class of problems which run in exponential time.
However, in this work, we use such a local search based
polynomial time approach [37].

The placement problem for each sBS can be presented as
a knapsack problem (refer to proof of Lemma 2). Knapsacks
are a well-known class of NP-hard problems which have finite
polynomial time approximation algorithms [5], [35], [39] with
approximation ratio αKP ∈ (0, 1]. For the caching problem,
αKP−approximate placement yields a reward which is at least
αKP fraction of the optimal reward for given CMAB indices
Θn. Based on the existence of an αKP−approximation for the
single sBS knapsack problem, a local search based ε−greedy
cache placement algorithm [37] is presented in Algorithm 3
lines 5− 18 for collaborative caching within each group. For
a given color C ∈ {1, 2, . . . , χ(Gcon)}, with Nc sBSs, the local
search algorithm decouples the Nc placement problems. Based
on the value of ε, the algorithm runs 1

αKP
Nc ln

(
1
ε

)
iterations.

The algorithm initializes with an empty cache assignment.
Within each iteration, for each sBS, the algorithm calculates a
valuef,n for each file by assigning to it, the CMAB index if
the file is cached at any other sBS within the group and 0 if it
is cached at Sn or not cached at all. Based on this, a marginal
value for each file mf,n is calculated as the difference of the
CMAB index θf,n and valuef,n. Using this marginal value,
the following single sBS knapsack problem is solved at Sn:

SKP: max
cπn

F∑
f=1

|U(Sn)|mf,nSfc
π
f,n s.t.

F∑
f=1

cπf,nSf ≤M.

An αKP−approximate cache placement cπ,new
n for single sBS

SKP sub-problem is discussed in the next section. Based on
this new cache placement, the marginal value for this solution
Mn is calculated for Sn. Next, difference Dn between the
value of current cache placement and the marginal value
of new placement is calculated. For the sBS Sn∗ with the
maximum differential Dn∗ , the placement is changed to the
new one if its Dn∗ > 0 i.e., if the new placement improves
the reward. The approximation ratio of the greedy cache
placement algorithm is given by the following lemma.
Lemma 3. Given an αKP−approximation for the single
sBS cache placement problem SKP, the local search based
ε−greedy cache placement in lines 5− 18 of Algorithm 3 has
an approximation ratio of

(
αKP
αKP+1 − ε

)
for some ε > 0.

The Lemma directly follows from [37, Theorem 3.1]. Once
the greedy search algorithm finishes, a residual cache place-
ment is performed to maximize cache utilization. In this step,
for each sBS Sn, if additional cache space is left after initial
placement, the most popular files not already in the cache
of Sn are placed there subject to the storage constraint. The
reward obtained after this placement can only be greater than
or equal to the reward without it. Therefore, the residual
cache placement stage potentially improves the approximation
ratio of the caching strategy. Next we discuss an αKP = 0.5
approximation of the single sBS knapsack problem SKP.

Algorithm 3 UNCODED COLLABORATIVE CACHING

GRAPH COLORING BASED SBS GROUPING:
1: Construct graphs Gcon and Gcon
2: Color Gcon using Algorithm 2 and find χ(Gcon).
LOCAL SEARCH BASED APPROXIMATE CACHING:
3: for Each color C ∈ {1, 2, . . . , χ(Gcon)} do
4: Initialize Cache placement matrix Cπ = [0]F×Nc

where Nc is the number of sBSs with color C.
5: while loop_count ≤ 1

αKP
Nc ln

(
1
ε

)
do

6: Let current cache placement be
Cπcurr = [cπ,curr

1 , cπ,curr
2 , . . . , cπ,curr

Nc
]

7: for Each sBS Sn with color C do
8: For each file f ∈ F, let

valuef,n =

{
θf,n′ , if cπ,curr

f,n′
= 1 ∃ n′ 6= n

0, if cπ,curr
f,n = 1 or f /∈ Cπcurr

9: For each file f , let marginal value
mf,n = θf,n − valuef,n

10: Solve the SKP problem at Sn to cache files,
using value |U(Sn)|mf,nSf and weights Sf .

11: Let cπ,new
n be the new cache placement and
Mn =

∑
f∈F

mf,n Sf c
π,new
f,n

be the marginal value for this solution.
12: end for
13: For each sBS Sn with color C, let

Dn =Mn −
∑
f∈F

θf,n Sf c
π,curr
f,n

14: Let Sn∗ be the sBS s.t. n∗ = arg maxnDn.
15: if Dn∗ > 0 then
16: Change the cache placement cπ,curr

n∗ ← cπ,new
n∗

17: end if
18: end while
19: end for
RESIDUAL CACHE PLACEMENT:
20: for Each sBS Sn ∈ S do
21: for All files Fn /∈ cache of Sn do
22: Rank files f ∈ Fn in descending order of θf,n.
23: end for
24: Place files from Fn with highest θf,n in the cache

subject to storage constraints
25: end for

3) Single sBS Greedy Knapsack: A greedy approximation
for the single-sBS knapsack problem is based on a relaxation
of the cache placement variable such that 0 ≤ cπf,n ≤ 1 which
reduces the placement problem to a linear program (LP). The
solution to the LP is then rounded to give an αKP = 0.5
approximate solution [39] for SKP. The solution is as follows:

1. Reorder mf,n such that mi,n ≥ mj,n if i < j, ∀i, j ∈ F i.e.,
relabel files in decreasing order of their marginal values. For
SKP with values vi = mi,nSi and weights wi = Si, ∀i ∈ F,
the re-ordering satisfies the regularity condition [39]:
v1

w1
≥ v2

w2
≥ . . . ≥ vF

wF
, m1,n ≥ m2,n ≥ . . . ≥ mF,n.

As a result, the following assignment assures αKP = 0.5.
2. Place files with highest marginal value mf,n sequentially

into the cache of Sn until capacity of the cache is reached.
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The above approximation algorithm is used to solve each SKP
in Algorithm 3. Furthermore, if Sf = 1, ∀f ∈ F, the above
placement is optimal with αKP = 1. Combining the graph
coloring based sBS grouping and the per-group greedy caching
yields the uncoded collaborative caching algorithm presented
in Algorithm 3.

4) Approximation Ratio: Let Roptunc be the reward of the opti-
mal uncoded caching strategy given by the solution to UNC-1.
Again, consider the reduction into χ(Gcon) number of sub-
problems of the form UNC-2 in (21). Let RoptC be the optimal
reward for the C−th sub-problem for C ∈ {1, 2, . . . , χ(Gcon)}.
Thus we have:

Roptunc ≤
χ(Gcon)∑
C=1

RoptC . (22)

Let Rgreedy
C be the reward of the greedy approximate cache

placement in Algorithm 3. Then, we have

Rgreedy
C ≥

(
αKP

αKP + 1
− ε
)
RoptC . (23)

Using (22) and (23), we have:
χ(Gcon)∑
C=1

Rgreedy
C ≥

(
αKP

αKP + 1
− ε
)
Roptunc, (24)

which gives an approximation guarantee on the greedy al-
gorithm. Adding the final residual placement stage, the un-
coded collaborative cache placement can be represented as an
(α, β)−approximation algorithm with α =

(
αKP
αKP+1 − ε

)
and

β = 1. Since we have αKP = 0.5, we have an approximation
ratio of α =

(
1
3 − ε

)
. In the next section, we discuss coded

collaborative cache placement which is an optimal strategy,
given the file popularity profile, with α = β = 1.

C. Coded Collaborative Caching Strategy

In this section we present the coded collaborative caching
strategy wherein file segments (fractions of files) can be stored
in the caches instead of the entire files. This can be achieved
in practice by encoding files using a rateless code like Raptor
Codes [2], [34]. The output codewords of the rateless code are
coded packets of the original file which can be stored by the
sBSs in their caches. These coded packets enable the recovery
of the original file when a user gathers enough number of
such packets. The storing of coded packets is modeled as each
sBS storing a fraction of a file and the file is assumed to be
recovered when fractions summing to 1 are recovered. The
coded cache placement matrix Cπ for a policy π is an F ×N
matrix defined in (4) with elements cπf,n ∈ [0, 1] for f ∈ F
and n = 1, . . . , N as in (5). The fraction cπf,n is the fraction
of coded packets of file f stored at Sn. Note that for the coded
caching strategy, Tf,n in Algorithm 1 denotes the number of
times a fraction of file f ∈ F has been cached in Sn upto time
t. The CMAB indices, θn,∀n ∈ {1, 2, . . . , N} in Algorithm 1,
are evaluated using this definition of Tf,n.

The optimal cache placement is again modeled as a reward
maximization problem. Based on the per-user reward model
from (17), we formulate a related per-user reward for the coded
caching strategy. The intuition behind the formulation is as
follows: For a user u and file f at time t, we first order the
sBSs, Sn ∈ N (u), in descending order of CMAB indices upto

time t− 1, with the first sBS being the one with the highest
θf,n, Sn ∈ N (u). The amount of data for file f that the user
u is able to download from Sn is denoted by cπf,nSf . An
expected accumulated reward for this download is given by
cπf,nθf,nSf . The expected accumulated reward for a user u
that can download file f from the first k sBS’s in the ordered
list is given by,

R
f,k

u =

k−1∑
i=1

cπf,i θf,iSf +

(
1−

k−1∑
i=1

cπf,i

)
θf,kSf

=

[
θf,k −

k−1∑
i=1

cπf,i(θf,k − θf,i)

]
Sf , (25)

where k ∈ {1, 2, . . . , |N (u)|}. The per-sBS reward function
is similar to (17) in that it only assures the maximum reward
for the case when the user downloads an entire file from the
sBS where the file has the highest popularity. Since the sBSs
are ordered and fractional storage is allowed, download of
an entire file from the k most popular sBSs in the user’s
neighborhood yields the maximum rewards for the smallest k.
Thus implicitly, the reward function also discourages replica-
tion of file fragments. The reward function is linear (affine) in
terms of the placement variables cπf,n. The file f can be fully
downloaded from the k best caches in the list if and only
if
∑k
i=1 c

π
f,i ≥ 1. The reward for a user u for downloading

the file f is thus a piecewise-defined affine function of the
placement variables cπf,n:

R
f

u =



R
f,1

u if cπf,1 ≥ 1
...

R
f,j

u if
∑j−1
i=1 c

π
f,i < 1∑j

i=1 c
π
f,i ≥ 1

...

R
f,|N (u)|
u if

∑|N (u)|−1
i=1 cπf,i < 1

(26)

We aim to maximize the sum of minimum expected accumu-
lated rewards for all users and files to determine the optimal
cache placement.

Lemma 4. The per-user reward, R̄fu, is a concave function of
the placement matrix Cπ .
Proof. The point-wise minimum of a piece-wise affine func-
tion is concave [40]. Thus it suffices to show that the per-user
reward in (26) can be represented as:

R̄fu = min
k∈{1,2,...,|N (u)|}

R̄f,ku . (27)

Suppose that user u downloads the entire file from the first
j caches in the list. Then the conditions

∑j−1
i=1 c

π
f,i < 1 and∑j

i=1 c
π
f,i ≥ 1 hold and we have R̄fu = R̄f,ju . We have to show

that R̄f,ju ≤ R̄f,j
′

u ∀j 6= j
′
. Using (25), the condition is given

by:

θf,j −
j−1∑
i=1

cπf,i(θf,j − θf,i) ≤ θf,j′ −
j
′
−1∑
i=1

cπf,i(θf,j′ − θf,i)

(28)
Considering the case for j

′
> j, we can re-write (28) as:[

j∑
i=1

cπf,i − 1

](
θf,j − θf,j′

)
+

j
′
−1∑

i=j+1

cπf,i

(
θf,i − θf,j′

)
≥ 0

(29)

10



Now we have,
∑j
i=1 c

π
f,i ≥ 1 and for all j

′
> j, we have

(θf,j − θf,j′ ) ≥ 0. Also since i < j
′
, the factor (θf,i −

θf,j′ ) ≥ 0. Therefore (29) is satisfied. Next, considering the
case of j

′
< j, we can rewrite (28) as:[

j−1∑
i=1

cπf,i − 1

](
θf,j′ − θf,j

)
+

j−1∑
i=j′+1

cπf,i

(
θf,i − θf,j′

)
≥ 0.

(30)
We have

∑j−1
i=1 c

π
f,i − 1 ≤ 0 and since i > j

′
, the factor(

θf,i − θf,j′
)
≤ 0 which ensures that (30) is satisfied. This

completes the proof. �

The optimal coded cache placement problem can then be
formulated as the following convex optimization problem:

max
Cπ

U∑
u=1

F∑
f=1

min
k∈{1,2,...,|N (u)|}

R
f,k

u

s.t.
F∑
f=1

cπf,n · Sf ≤M, ∀n and cπf,n ∈ [0, 1]. (31)

The optimization in (31) can be reduced to the following LP
by introducing the auxiliary variable yfu [2]. The resulting
optimization problem is given by,

max
Cπ

U∑
u=1

F∑
f=1

yfu s.t. yfu ≤ R
f,k

u , ∀k ∈ {1, 2, . . . , |N (u)|}

F∑
f=1

cπf,n · Sf ≤M, ∀n, and cπf,n ∈ [0, 1]. (32)

Since the LP in (32) can be solved optimally, the coded
cache placement problem gives an (α, β)−approximate place-
ment for the CCP policy π with α = β = 1 i.e., given the
CMAB indices the solution is optimal. The formulation in
(32) can be considered as a convex relaxation of the uncoded
caching problem UNC-1 in the sense that the {0, 1} binary
assignment of the uncoded scheme is also a feasible solution
to the coded caching problem. As a result, the average accu-
mulated reward obtained with the coded cache placement for
a given popularity index θf,n, encompasses the uncoded case.
The caveat however, is that the convergence to the optimal
reward value is also dependent on the accuracy of the CMAB
based distributed learning and the network connectivity. In the
next section, numerical results are presented for the proposed
collaborative caching framework with discussions on impact
of coded and uncoded caching on the learning accuracy.

VI. NUMERICAL RESULTS

In this section we present simulation results under differ-
ent network configurations to show the performance of the
proposed collaborative caching strategies. In order to compare
results, and present insight on multi-sBS edge caching net-
works, we first outline two baseline caching strategies:
• Uncoded Local Caching Strategy: In this strategy, uncoded

cache placement is performed locally at each sBS. In this
procedure, every sBS learns the file popularity profile from
its own set of connected users without taking into account
the overall network connectivity i.e., topology-aware Tf,n
update, as discussed in Remark 1, is not performed. The

exploration-exploitation in this baseline scheme is based
only on the local cache placement. This scheme entails the
solving following knapsack problem at each sBS Sn:

max
Cπ∈{0,1}

F∑
f=1

θf,nSfc
π
f s.t.

F∑
f=1

cπfSf ≤M, ∀n. (33)

This scheme was proposed and analysed in [5] for a single
sBS caching system.

• Coded Local Caching Strategy: Coded local caching strat-
egy is a relaxation of uncoded local caching and the learning
process is again topology agnostic. This scheme entails the
solution of the following linear program at each sBS Sn:

max
Cπ∈[0,1]

F∑
f=1

θf,nSfc
π
f s.t.

F∑
f=1

cπfSf ≤M, ∀n. (34)

We compare the performance of the proposed schemes to the
baselines to highlight the advantage of collaborative learning
over local learning in a multi-sBS setting. In order to obtain
results in a reasonable time-frame, we consider a N = 5 sBS
setting with K = 30 users in the system. There is a file library
of F = 30 files F, with file sizes Sf ∈ {1, 3, 5, 7, 9} units. The
entire library has a size of 150 units. The cache size of each
sBS is M = 15 units, which is 10% of the entire library. We
assume that the users randomly request files at each time step
t. The requests are generated i.i.d from a Zipf distribution
(as in (1)) with γ ∈ {0.56, 2}. Furthermore, we consider two
collaborative caching strategies for comparison -

• Absolute Upper Bound: This strategy assumes that the
instantaneous user demands are known apriori at the central
BS and represents the optimal strategy in terms of reward
maximization. It gives an upper bound on our learning based
caching strategy.

• Informed Collaborative Caching: In this strategy, we con-
sider that the popularity distribution i.e., the Zipf γ value
at each sBS is known apriori. Based on this the use of the
proposed caching strategies in the previous section with the
known popularity distribution, instead of the CMAB indices,
as input leads to a distribution optimal caching strategy. The
reward of the learning-aided strategy should converge to the
reward of this stragety over time.

For comparison of different schemes, we consider the metric
of instantaneous reward at time t. The instantaneous reward is
the total amount of data downloaded from the sBS caches to
serve the requests of the users and is a measure of the cache
hits at each instant. For the uncoded caching schemes, it is
defined as

Rtunc =
∑
u∈U

∑
f∈F

1{f∈N (u)} · dt,uf · Sf , (35)

where, dt,uf = 1 for the file f requested by user u and
1{f∈N (u)} is the indicator function and is equal to 1 when
file f is cached in a sBS in the neighborhood of user u. For
the coded caching strategy, the instantaneous reward is defined
as:

Rtcod =
∑
u∈U

∑
f∈F

dt,uf ·max

1,
∑

n∈N (u)

cπf,n

 · Sf , (36)

which accounts for the fact that a user u either downloads
the entire file or the sum of fractions (≤ 1) placed in the
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Fig. 5. Performance of Uncoded Caching for (a) γ = 0.56 and (b) γ = 2.

caches of sBSs in its neighborhood N (u). Using this metric,
we study the multi-sBS network under different connectivity
profiles and caching strategies. To this end, we define three
network topologies namely (i) sparse connectivity - every user
is connected to at least 1 and at most 2 sBSs; (ii) moderate
connectivity - every user is connected to at least 2 and at most
3 sBSs and (iii) dense connectivity - every user connects to
at least 3 and at most 5 sBSs.

A. Uncoded Caching Strategies

We first consider a network scenario with moderate con-
nectivity. Fig. 5(a) shows the simulation results for uncoded
caching for a file popularity distribution with γ = 0.56 i.e., the
distribution is not skewed and there are many popular files in
the system. Algorithm 3 is used for the caching strategy at
each time step for collaborative caching with an epsilon value
of ε = 0.01. We also assume a worst-case αKP = 0.5 for the
iterations in the greedy placement. It can be seen from the
results, that the collaborative learning based caching converges
to the informed collaborative caching strategy i.e., the learning
effectively converges to the true file popularity distribution.
As expected, the absolute upper bound outperforms all other
schemes. Finally, the collaborative caching strategy clearly
out-performs the local caching strategy.

Fig. 5(b) shows the simulation results for uncoded caching
for a popularity distribution with γ = 2 i.e., when there
are very few popular files in the system. In this case, the
learning converges faster the cumulative reward is higher in
comparison with the previous case of γ = 0.56. The reward
is closer to the absolute upper bound i.e., the sub-optimality
gap or regret is small as discussed in Example 1 for skewed
popularity profiles. Furthermore, in this case, both the local
and collaborative caching strategies perform better than the
informed upper bound. This is due to the exploration of new
files in the CMAB based learning which allows the placement
of new files in the caches, in addition to the most popular
ones, which can serve some non-popular demands as well.
We observe that, for very few popular files in the system,
the performance of the local scheme is almost as good as the
collaborative caching scheme. In general, γ = 0.56 i.e., having
a large number of popular files is a more realistic network

parameter for cache aided systems [5], [5] and we present
further results for this network parameter.

Next, we compare the performance of the uncoded collabo-
rative caching strategies under the different network topolo-
gies e.g., sparse, moderate and dense. Fig. 6(a) shows the
comparison of the collaborative and local learning strategies
under the three network settings. It can be seen that the
collaborative caching scheme improves upon the local learning
based scheme when network connectivity is dense. Under a
sparse setting, users are mostly served by single sBSs and the
network reduces to a one similar to Network Example 1 in
Fig. 3. Under such a setting, the collaboration among sBSs to
jointly cache content does not offer any added advantage.

B. Coded Caching Strategies

Next, we study the performance of the coded caching
strategies. Fig. 6(b) illustrates the rewards obtained by using
coded strategies over the same three network configurations
as before. In this case, it can be seen that similar performance
trends exist i.e., the collaborative caching schemes outperform
the local learning schemes under denser network settings. A
comparison of the rewards in the coded and uncoded cases
shows that the greedy algorithm for the uncoded caching
performs similar to the coded caching case.
Remark 2 (Learning for Coded Caching). Coded cache
placement is a relaxation of the uncoded placement in the
sense that uncoded caching is also a viable solution for the
coded formulation. Thus, given the same CMAB indices θf,n
at any time instant t, coded caching should outperform the
uncoded scheme in terms of sum reward. However, the reward
value, to which a strategy converges over time, is not only
dependent on the optimality of the cache placement at every
instant. It is also dependent on the effectiveness of the CMAB
based learning (Algorithm 1) in conjunction with the caching
strategy. From our simulations, we observe that both the
coded and uncoded caching schemes converge to very similar
instantaneous rewards. It is interesting to note that a simpler
local search with no sub-packetization (no rateless coding)
performs close to a provably optimal coded caching strategy
for most network settings of interest. This stems from the
fact that learning the popularity profile over time through
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Fig. 6. Performance under different network configurations (a) Uncoded Caching and (b) Coded Caching.

fractional placement (i.e., sampling fractions of files to learn
their popularity distributions) is more difficult than learning
based on caching entire files. This in turn offsets the reward
gains offered by coded caching over the uncoded scheme. �

For coded caching, collaborative learning and placement is
particularly detrimental in the sparse setting. In this case, the
exploration based on collective topology leads to consistently
lower rewards. Fig. 7(a) and 7(b) show the performance of
the coded and uncoded caching schemes for local and collab-
orative learning under the sparse network setting. In this case,
the collaborative learning leads to very similar performance
for both coded and uncoded schemes. However, for the sparse
network, local learning suffices. In fact, it can be seen from
Fig. 7(b), that the coded local caching, which is a direct
linear relaxation of the uncoded local learning, outperforms all
schemes in this setting. Note that the uncoded local caching
is a naive multi-sBS extension of the scheme presented in [5].
The proposed collaborative caching framework lends itself to
easy adaptation, based on network configuration, by enabling
the sBSs to change the updating of the Tf,n parameter in the
CMAB index. Local learning based updates can be used when
connectivity is sparse while collaborative learning can be used
for moderate to dense connectivity.

Finally we study the performance of all the schemes under
the more realistic moderately connected network setting when
the cache size at the sBS changes. We plot the instantaneous
reward values (averaged over 500 time steps) to which the
algorithms converge after 3000 initial learning time steps3.
From Fig. 7(c), it can be seen that the collaborative caching
schemes outperform the local learning based schemes in
terms of reward. However, when the cache size is particularly
small (≤ 5% of the library size), the coded caching schemes
outperform both the uncoded schemes. This is due to the fact
that when cache size is very small, the coded schemes offer
flexibility by allowing fractional storage of very popular files.
Interestingly, at M = 5, the coded local scheme outperforms
the coded collaborative scheme. This stems from the fact
that at such small cache sizes, accounting for topology-aware

3The convergence time in a real network application would be of the order
of a few hours to a day. Once converged, caching can be performed till
popularity changes again when a new learning phase should begin.

placement leads to fractional storage of files which might not
directly contribute to the sBS’s reward. Thus, when cache size
is less than 5%, coded local learning offers the highest rewards.

VII. CONCLUSIONS

In this paper, we presented a novel topology-aware col-
laborative cache placement framework for a multi-sBS small
cell network using a reinforcement learning perspective. The
multi-armed bandit based learning was shown to have a regret
scaling logarithmically with time. We proposed two cache
placement strategies: uncoded and coded collaborative caching
for the multi-sBS setting. The uncoded cache placement strat-
egy was shown to be NP-hard and a novel graph coloring based
polynomial time approximation algorithm was proposed. A
linear relaxation to the uncoded problem, namely, the collab-
orative coded cache placement problem was formulated and
was shown to be optimal for a given popularity distribution.
Through numerical simulations, collaborative caching was
shown to outperform the naive local learning based schemes
for network topologies of interest. It was also demonstrated
that the sub-optimal greedy uncoded caching performed close
to the optimal coded cache placement due to the fact that learn-
ing file popularity through fractional placement was harder as
compared to learning by caching entire files.
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APPENDIX A
PROOF OF LEMMA 1

The proof is based on the proof of the upper bound on
CMAB regret presented in [26]. First, we present the Chernoff-
Hoeffding Lemma which is integral to the proof.

Lemma 5 (Chernoff-Hoeffding Bound). Let X1, X2, . . . , Xn

be random variables with common support [0, 1] and E[Xi] =
θ. Let Sn =

∑n
i=1Xi. Then for all t ≥ 0, we have

Pr [Sn ≥ nθ + t] ≤ e−2t2/nand Pr [Sn ≤ nθ + t] ≤ e−2t2/n.

A. Popularity Estimation Process

Let T tf,n be the value of the variable Tf,n after t rounds
i.e., the number of times file f is cached at Sn after t rounds
is T tf,n. Also let θ̂f,n,s be the value of the variable θ̂f,n after
the file f ∈ F has been cached s times. The estimation of
popularity profile is assumed to be well behaved if, at time
t, the empirical popularity estimate θ̂f,n is close to the actual
expectation θf,n i.e., if

|θ̂f,n,T t−1
f,n
− θf,n| <

√
Ψf,n logUnt

2T t−1
f,n

, ∀f ∈ F (37)

where Un = |U(Sn)|. Let Pt be the event such that it is true
when the estimation process satisfies (37). Using Chernoff-
Hoeffding Bound, for any f ∈ F, we have:

Pr

[
|θ̂f,n,T t−1

f,n
− θf,n| ≥

√
Ψf,n logUnt

2T t−1
f,n

]

=

t−1∑
s=1

Pr

[{
|θ̂f,n,s − θf,n| ≥

√
Ψf,n logUnt

2s
, T t−1
f,n = s

}]

≤
t−1∑
s=1

Pr

[{
|θ̂f,n,s − θf,n| ≥

√
Ψf,n logUnt

2s

}]
≤ 2te−Ψf,n logUnt = 2U

−Ψf,n
n t1−Ψf,n . (38)

Taking an union bound on f , we have

Pr [Pt] = Pr

[
∀f ∈ F, |θ̂f,n,T t−1

f,n
− θf,n| <

√
Ψf,n logUnt

2T t−1
f,n

]
≤ 1− 2FU

−Ψf,n
n t1−Ψf,n . (39)

The value of θ̂f,n at the end of time step t is θ̂f,n,T tf,n
since by definition file f is cached T tf,n times after t time
steps. Also, for θf,n, let θf,n,t be its value after t rounds
and Θn,t = [θ1,n,t, θ2,n,t, . . . , θF,n,t] be the input to the CCP
solver at round t. Then, from Algorithm 1, we have:

θf,n,t = θ̂f,n,T t−1
f,n

+

√
Ψf,n log (Unt)

2T t−1
f,n

. (40)

B. α-sub-optimal Caching Strategy:

A caching strategy cπn(t) is defined to be α-sub-optimal if
the reward obtained by the strategy is less than α fraction of
the optimal reward:

RΘn(cπn(t)) < α ·Ropt
Θn
.

The set of all α-sub-optimal caching strategies for Sn is
denoted by:

CBn = {cπn(t)|RΘn(cπn(t)) < α ·Ropt
Θn
}.

Let the set of all Kf α-sub-optimal caching strategies at Sn
in which the file f ∈ F is cached be denoted by

CBf,n = {CB,if,n ,∀i = 1, . . . ,Kf}
Without loss of generality, the strategies CB,if,n are reordered in
increasing order of expected rewards CB,1f,n , C

B,2
f,n , . . . , C

B,Kf
f,n ,

such that CB,Kff,n is strategy which yields the best expected
reward. We define:

∆f,j
n = α ·Ropt

Θn
−RΘn(CB,jf,n ) (41)

Based on this, we further define:
∆f
n,max = ∆f,1

n and ∆f
n,min = ∆

f,Kf
n .

For any underlying arm (file) f ∈ F, similar to [26], we define:
∆max = max

f∈F

[
α · Ropt

Θn
−min {RΘn(cn)|cn ∈ CB , f ∈ cn}

]
∆min = max

f∈F

[
α · Ropt

Θn
−max {RΘn(cn)|cn ∈ CB , f ∈ cn}

]
.

Intuitively, ∆max is the difference in expected reward between
the optimal and the reward for playing the worst α-sub-optimal
super-arm, while ∆min is difference with the optimal for the
case of playing the best possible α-sub-optimal super-arm.
If all arms (files) are sampled sufficiently w.r.t ∆min, then
the sample means θ̂f,n are close to their true means and the
probability of the algorithm playing a α-sub-optimal super-
arm cn ∈ CB is low. However, if the sampling is insufficient,
then we incur a regret proportional to ∆max.

C. Sampling of Cached Files

For the proof, at each sBS Sn, a counter Nf is maintained
for each file f ∈ F after the F initial rounds (when each file
is sequentially placed in the cache to initialize the algorithm).
Let Nf,t be the value of the counter after t time instants. Thus
Nf,F = 1 and

∑
f∈FNf,F = F . The counters are updated as

follows: For any instant t > F , if cπn(t) ∈ CBn , then f∗ =
arg minj∈cπn(t)Nj,t−1 and we increment the counter Nf∗ by 1
i.e., Nf∗,t = Nf∗,t−1 + 1. If f∗ is not unique, any random file
f with the smallest counter in cπn(t) is picked and its counter
is incremented. In every α-sub-optimal caching round, exactly
one counter is incremented. The counter Nf is further sub-
divided into counters {N l

f}
Kf
l=1, whose value at a round t = T

is defined as

N l
f,T =

T∑
t=F+1

I{cπn(t) = CB,lf,n , Nf,t > Nf,t−1}, ∀l ∈ [Kf ],

(42)
where I{·} is the indicator function such that I{x} = 1 iff x
is true. We define

`T (∆) =
2Ψf,n logUnT

(g−1(∆))2
, (43)

which is the number of samplings that is considered sufficient
for a caching strategy which yields a reward ∆ away from the
α−approximation w.r.t time horizon T . If Nf,t−1 > `T (∆f,l),
the α-sub-optimal strategy CB,lf,n is sufficiently sampled. Oth-
erwise it is under-sampled. Thus, we have the number of
sufficiently sampled and under-sampled periods given in (44)
and (45). Thus we have,

Nf,T = 1 +
∑
l∈[Kf ]

(N l,suf
f,T +N l,und

f,T ). (46)
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N l,suf
f,T =

T∑
t=F+1

I{cπn(t) = CB,lf,n , Nf,t > Nf,t−1 > `T (∆f,l
n )} (44)

N l,und
f,T =

T∑
t=F+1

I{cπn(t) = CB,lf,n , Nf,t > Nf,t−1, Nf,t−1 < `T (∆f,l
n )} (45)

∑
l∈[Kf ]

N l,und
f,T ·∆

f,l
n =

T∑
t=F+1

∑
l∈[Kf ]

I{cπn(t) = CB,lf,n , Nf,t > Nf,t−1, Nf,t−1 < `T (∆f,l
n )} ·∆f,l

n (58)

=

T∑
t=F+1

∑
l∈[Kf ]

l∑
j=1

I{cπn(t) = CB,lf,n , Nf,t > Nf,t−1, Nf,t−1 ∈ (`T (∆f,j−1
n ), `T (∆f,j

n )]} ·∆f,l
n (59)

≤
T∑

t=F+1

∑
l∈[Kf ]

∑
j∈[Kf ]

I{cπn(t) = CB,lf,n , Nf,t > Nf,t−1, Nf,t−1 ∈ (`T (∆f,j−1
n ), `T (∆f,j

n )]} ·∆f,j
n (60)

≤
∑
j∈[Kf ]

T∑
t=F+1

I{cπn(t) ∈ CBf,n, Nf,t > Nf,t−1, Nf,t−1 ∈ (`T (∆f,j−1
n ), `T (∆f,j

n )]} ·∆f,j
n (61)

≤
∑
j∈[Kf ]

[
`T (∆f,j

n )− `T (∆f,j−1
n )

]
·∆f,j

n = `T (∆
f,Kf
n )∆

f,Kf
n +

Kf−1∑
j=1

`T
[
∆f,j
n )(∆f,j

n −∆f,j+1
n

]
(62)

≤ `T (∆f
n,min) ·∆f

n,min + `T (∆f
n,min)

[
∆
f,Kf
n,max −∆

f,Kf
n,min

]
= `T (∆f

n,min) ·∆f
n,max. (63)

The total reward at round T is at least

TαRopt
Θn
− E

∑
f∈F

∆f,1
n +

∑
l∈[Kf ]

(N l,suf
f,T +N l,und

f,T ) ·∆f,l
n




(47)

D. Upper Bound on N l,suf
f,T

Define Λf,t =

√
Ψf,n log(Unt)

2T t−1
f,n

which is a random variable

since T t−1
f,n is a random variable. We have Λt = max{Λf,t|f ∈

cπn(t)}. Further, we define Λf,l =
√

Ψf,n log(Unt)

2`T (∆f,l
n )

. Let Bt be
the event that the (α, β)−approximation solver running in the
CCP fails to produce an α−approximate solution w.r.t Θn,t in
round t. Also, let ¬Bt be the event when an the solver does
produce an α−approximate solution. Thus, by the definition
of the (α, β)−approximation solver, we have:

Pr(Bt) = E[I{Bt}] ≤ 1− β.
Based on (40), the following holds true:

Pt ⇒ θf,n,t − θf,n > 0, ∀f ∈ F (48)

Pt ⇒ θf,n,t − θf,n < 2Λf,t, ∀f ∈ cπn(t) (49)
Again, we have ∀f ∈ F, ∀l ∈ [Kf ], and ∀f ′ ∈ cπn(t):{

cπn(t) = CB,lf,n , Nf,t > Nf,t−1, Nf ′ ,t−1 > `T (∆f,l
n )
}

⇒ Λf,l > Λf,t. (50)
For any f ∈ F, l ∈ [Kf ], if{
Pt,¬Bt, cπn(t) = CB,lf,n , Nf,t > Nf,t−1, Nf ′ ,t−1 > `T (∆f,l

n )
}

holds at time t, the following holds true:
RΘn(cπn(t)) + g(2Λf,l) > RΘn(cπn(t)) + g(2Λf,t) (51)

≥ RΘn,t
(cπn(t)) ≥ αRopt

Θn,t
≥ αRopt

Θn
, (52)

where the first inequality follows from the strict monotonic-
ity of g(·) and (50), the second follows from the bounded
smoothness property and (49). The third inequality is true
since ¬Bt ⇒ cπn(t) is an α−approximation w.r.t Θn,t. Thus
we have

RΘn(CB,lf,n) + g(2Λf,l) > αRopt
Θn

(53)
Now,

`T (∆f,l
n ) =

2Ψf,n logUnT

(g−1(∆f,l
n ))2

and we have

2Λf,l = g−1(∆f,l
n )

√
log t

log T
⇒ g(2Λf,l) ≤ ∆f,l

n .

Thus, (52) contradicts (41) i.e.,
Pr
{
Pt,¬Bt, cπn(t) = CB,lf,n , Nf,t > Nf,t−1,∀f

′
∈ cπn(t),

Nf ′ ,t−1 > `T (∆f,l
n )
}

= 0, ∀f ∈ F, l ∈ [Kf ] (54)

⇒ Pr
{
Pt,¬Bt,∃f ∈ F,∃l ∈ [Kf ], cπn(t) = CB,lf,n , Nf,t >

Nf,t−1,∀f
′
∈ cπn(t), Nf ′ ,t−1 > `T (∆f,l

n )
}

= 0 (55)

⇒
∑

f∈F,l∈[Kf ]

Pr
{
cπn(t) = CB,lf,n , Nf,t > Nf,t−1,∀f

′
∈ cπn(t),

Nf ′ ,t−1 > `T (∆f,l
n )
}

≤ Pr{¬Pt ∨ Bt} ≤ (1− β) + 2FU
−Ψf,n
n t1−Ψf,n (56)

Thus by the definition of N l,suf
f,T , we have

E

 ∑
f∈F,l∈[Kf ]

N l,suf
f,T

 ≤ T∑
t=1

[
(1− β) + 2FU

−Ψf,n
n t1−Ψf,n

]
= (1− β)T + 2F

ζ(Ψf,n − 1)

U
Ψf,n
n

. (57)
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RegπΘn,α,β(T ) = TαβRopt
Θn
−

TαRopt
Θn
− E

∑
f∈F

∆f,l
n +

∑
l∈Kf

(
N l,suf
f,T +N l,und

f,T

)
·∆f,l

n


≤

F + E

 ∑
f∈F,l∈[Kf ]

N l,suf
f,T

 ·∆n,max +
∑

f∈F,∆f
n,min>0

(
`T (∆f

n,min) ·∆f
n,max

)
− (1− β) · TαRopt

Θn

≤
(

2ζ(Ψf,n − 1)

U
Ψf,n
n

+ 1

)
· F ·∆n,max +

∑
f∈F,∆f

n,min>0

2Ψf,n logUnt

(g−1(∆f
n,min))2

·∆f
n,max (64)

E. Upper Bound on N l,und
f,T

Consider α-sub-optimal caching strategies cπn(t) ∈ CBn
which are under-sampled when played (i.e., f ∈ cπn(t) are
cached). The counter Nf for a file f increases from 1 to
`T (∆

f,Kf
n ). The range of counters Nf can be broken into

segments (`T (∆f,j−1
n ), `T (∆f,j

n )] for j ∈ [Kf ]. Assume that
for a file f , Nf,t−1 ∈ (`T (∆f,j−1

n ), `T (∆f,j
n )] for some j. In

a α-sub-optimal round t, for cπn(t) = CB,lf,n for some l > j, the
regret suffered ∆f,l

n < ∆f,j
n . Thus for the counter Nf,t in the

range (`T (∆f,j−1
n ), `T (∆f,j

n )], the total regret for the under-
sampled files is at most (`T (∆f,j

n )− `T (∆f,j−1
n )) ·∆f,j

n ) in
the rounds the counter Nf,t is incremented. These are used
in the following. For any file {f ∈ F|∆f

n,min > 0}, we have
(58)-(63). The last inequality (63) follows from the definitions
of ∆f

n,min and ∆f
n,max and the fact that `T (∆) is a decreasing

function of ∆.
Combining (47), (57) and (63), and substituting in (10), we

have (64) which completes the proof of the Lemma. �
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